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Abstract

Martin’s Axiom and applications, iterated forcing, forcing Martin’s axiom, various
types of generic reals, cardinal characteristics, proper forcing.

1 Introduction

The method of forcing allows to construct models of set theory with interesting or exotic
properties. Further results can be obtained by transfinite iterations of this technique.
More precisely, iterated forcing defines ordinary generic extensions, which can be analyzed
by an increasing well-ordered tower of intermediate models where successor models are
ordinary generic extensions of the previous models. Such an analysis is already possible
for the Cohen model for 2% = X, , and we shall indicate some aspects in an introductory
chapter. In that model, partially generic filters exist for the standard Cohen forcing Fn (R,
2, Ng). This motivates forcing azioms which require the existence of partially generic fil-
ters for certain forcings. Martin’s Axiom MA is a forcing axiom for forcings satisfying the
countable antichain condition (ccc). We shall study some consequences of MA and shall
then force that axiom by iterated forcing. We shall also study the Proper Forcing Axiom
PFA for a class of forcings which are proper.

Our forcing constructions are mostly directed towards properties of the set R of real
numbers. There are several forcings which adjoin new reals to (ground) models. Different
forcings adjoin reals which may be very different with respect to growth behaviour and
other aspects. Cardinal characteristics of IR have been introduced to describe such
behaviours. They are systematised in CICHON’s diagram. Using MA and iterated forcings
several constellations of cardinals are realized in CICHON’s diagram.

2 Cohen forcing

The most basic forcing construction is the adjunction of a Cohen generic real ¢ to a count-
able transitive ground model M. The generic extension M|c] is again a countable transi-
tive model of ZFC and it contains the “new” real ¢ ¢ M. In the previous semester we saw
that the adjunction of ¢ has consequences for the set theory within M|c]:

Theorem 1. In the COHEN extension M|c] the set R N M of ground model reals has
(Lebesque) measure zero.
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This implies some (relative) consistency results. We may, e.g., assume that M is a
model of the axiom of constructibility V = L, i.e., M = L™. Since the class L is absolute
between transitive models of set theory of the same ordinal height, LMY= LM = M. So:

Theorem 2. Let M be a ground model of ZFC + V = L . Then the COHEN extension
MIc] satisfies: the set

{reR|zel}

of constructible reals has measure zero.

On the other hand, inside a given model of set theory, the set of reals has positive
measure, i.e., does not have measure measure.

Exercise 1. Show that the measure zero sets form a proper ideal on R which is closed under count-
able unions.

Exercise 2. Show that the following Cantor set of reals has cardinality 2%° and measure zero:
C={zeR|Vn<wz(2n)=z(2n+1)}.
So in the model L the set of constructible reals does not have measure zero:

Theorem 3. The statement “the set of constructible reals has measure zero” is indepen-
dent of the axioms of ZFC.

The set of constructible reals in M][c|] can be a set of size N; that has measure zero.
This leads to the question whether it is (relatively) consistent that all sets of reals of size
N; have measure zero. Of course this necessitates 2% > X; . It is natural to ask the ques-
tion about Cohen’s canonical model for 2% > N; .

Consider adjoining A COHEN reals to a ground model M where A = X3! Define \-fold
COHEN forcing P=(P,<,1) €M by P=Fn(\ X w,2,%g), <=2, and 1=0. Let G be M-
generic on P. Let F'=|J G: A x w— 2 and extract a sequence (cg|la < \) of Cohen reals
cgiw— 2 from I by:

ca(n) =F(B,n).
Then the generic extension is generated by the sequence of Cohen reals:
M[G]= M[(cp| 5 <A)].

It is natural to construe M[G] as a limit of the models M|[(cs|f < «)] when « goes
towards A : Fix a < A. Let P, =Fn(a x w,2,Ny) and R, =Fn((A\ o) X w, 2, Ny), partially
ordered by reverse inclusion. The isomorphisms

P> P,x Ry and Pyi1 X Py x Q
imply that G, =GN P, is M-generic on P, and that
Ho={qeQ|{((,n),i) [ (n,7) € q} € Gay1}
is M[G,)-generic on Q. Let M, = M[G,] be the a-th model in this construction. Then
Mo 1= M[Go 1] = M[Gol[Hol = Ma[Ha)-
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It is straightforward to check that ¢, =] H,. So the model M[G] = M, is obtained by a
sequence of models (M, | @ < \) where each successor step is a Cohen extension of the pre-
vious step. The whole construction is held together by the “long” generic set G which dic-
tates the sequence of the construction and also the behaviour at limit stages.

Consider a real x € M[G]. Identifying characteristic functions with sets we can view x
as a subset of w. In the previous course we had seen that there is a name 7 € M, 2% ==z
of the form

& ={(,q)n<wNqe A},

where every A, is an antichain in P. Since P satisfies the countable chain condition, there
is a < A such that A, C P, for every n <w. Then

r =136 =7g0"F) = 3Ga c M[G,]

In M[G] consider a set B = {x; |i <N} of reals of size 8; . One can view B as a subset of
N As in the above argument, there is an o < A such that B € M, . By our previous
Lemma, B C R N M, has measure zero in the Cohen generic extension M|c,]. So B has
measure zero in M|[G]. The model M[G] establishes:

Theorem 4. If ZFC is consistent then ZFC + “every set of reals of size <X; has
Lebesgue measure zero” is consistent.

Together with models of the Continuum Hypothesis this shows that the state-
ment “every set of reals of size <N; has Lebesgue measure zero” is independent of the
axioms of ZFC.

One can ask for further properties of Lebesgue measure in connection with the
uncountable. Is it consistent that every union of an Nj-sequence of measure zero sets has
again measure zero?

Exercise 3.

a) Show that in the model M[G] = M|(cg | B < A)] there is an Ny-sequence of measure zero sets
whose union is R .

b) Show that {cs| 8 <A} has measure zero in M[G].

Exercise 4. Define forcing with sets of reals of positive measure (i.e., sets which do not have measure
zero).

We shall later construct forcing extensions M[G] which are obtained by iterations of
forcing notions similar to the above example. We shall require that in the iteration M,
is a generic extension of M, by some forcing Q, € M, = M[G,] ; the forcing is in general
only given by a name Q. € M such that Q, = Qf *. To ensure that this is always a partial
order we also require that 1p_ I+ Q. is a partial order. Technical details will be given later.

A principal idea is to let ), to be some canonical name for a partial order forcing a
certain property to hold, like making the set of reals constructed so far a measure zero set.
A central concern for such iterations, like for many forcings, is the preservation of cardi-
nals.
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3 Forcing axioms

The argument that the set RN M of ground model reals has measure zero in the standard
Cohen extension M[H] = M]|c| by the Cohen partial order @) rests, like most forcing argu-
ments, on density considerations. For a given € = 27", a sequence Iy, I1, I, ... of real inter-
vals such that 7 _ length(l,) <eis extracted from the Cohen real c. It remains to show
that X C Un<w I,. For x €¢ RN M a dense set D, is defined so that H N D, #+ () implies
that x € | J,_ In. To cover the real z requires a “partially generic filter” which intersects
D, . This approach is captured by the following definition:

Definition 5. Let (Q,<,1q) be a forcing, D be any set, and r a cardinal.
a) A filter H on Q is D-generic iff DNG# 0 for every D € D which is dense in Q.
b) The forcing axiom FA,(Q) postulates that there exists a D-generic filter on @ for
any D of cardinality <k .

For any countable D we obtain the existence of generic filters just like in the case of
ground models.

Theorem 6. (Rasiowa-Sikorski) FAy,(Q) holds for any partial order Q) .

Proof. Let D be countable. Take an enumeration (D,|n < w) of all D € D which are
dense in ). Define an w-sequence ¢ = qo = ¢q1 = @2 > ... recursively, using the axiom of
choice:

choose ¢, such that ¢,,1<¢q, and ¢,.1€ D,, .
Then H={g€ Q|In<w ¢, < ¢} is as desired. O

Exercise 5. Show that FA,(Q) holds for any x-closed partial order @ .

The results of the previous chapter now read as follows:

Theorem 7. Let Q =Fn(w, 2,Rg) be the Cohen partial order and assume FAy,(Q). Then
every set of reals of cardinality <Ny has measure zero.

Theorem 8. Let M[G] be a generic extension of the ground model M by A-fold Cohen
forcing P=(P,<,1)=Fn(\ x w,2,Rg) where A= Then in M[G], FAy,(Q) holds.

Proof. We may assume that every D € D is a dense subset of (). Then D can be coded
as a subset of . There is o < X such that D € M|[G,]. The filter H, corresponding to
the a-th Cohen real in the construction is M|[G,]-generic on Q. Since D C M[G,], H, is
D-generic on Q). O

So for the Cohen forcing () we have a strengthening of the Rasiowa-Sikorski Lemma
from countable to cardinality <¥;. This is not possible for all forcings:

Lemma 9. Let P =Fn(Rg, Xy, Rg) be the canonical forcing for adding a surjection from ¥,
onto Ry . Then FAy,(P) is false.
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Proof. For a < N; define the set
D,={peP|acran(p)}

which is dense in P. Let D = {D, | @ < X;}. Assume for a contradiction that H is a D-
generic filter on P. Then | J H is a partial function from Xj to &y .

(1) U H is onto N;.

Proof. Let a<R;. Since H is a D-generic, H N D,# (. Take p€ HN D, . Then

aeran(p) C ran(U H)
qed.

But this is a contradiction since N; is a cardinal. O

Exercise 6. Show that FA,x(Fn(Xo, Rg, Ro)) is false.

So we cannot have an uncountable generalization of the Rasiowa-Sikorski Lemma for
forcings which collapse the cardinal X; . Since countable chain condition (ccc) forcing does
not collapse cardinals, this suggests the following axiom:

Definition 10.

a) Let k be a cardinal. Then MARTIN’s axiom MA, is the property: for every ccc par-
tial order (P,<,1p), FA.(P) holds.

b) MARTIN’s axiom MA postulates that MA,. holds for every r < 2%,
MAy, holds by Theorem 6. Thus the continuum hypothesis 2% = N, trivially implies MA.

We shall later see by an iterated forcing construction that 2% = X, and MA are relatively
consistent with ZFC.

4 Consequences of MA+—-CH

4.1 Lebesgue measure

We shall not go into the details of LEBESGUE measure, since we shall only consider mea-
sure zero sets. We recall some notions and facts from before. For s € <“2 = {¢|t: dom(t) —
2 AN dom(t) €w} define the real interval

I;={zeR|sCx}CR
with length(I) = 279°(). Note that Iy = Isu{(dom(s),0)} U Lsu{(dom(s),1)} , length(R) = Iy =
2_0 = 1, and length(lsu{(dom(s),o)}) = length(lsu{(dom(s),l)}) = é length([s) .
Definition 11. Let € > 0. Then a set X C IR has measure <e if there exists a sequence

(In|n <w) of intervals in R such that X C Un<w I, and Zn<w length(,) <e. A set X C
R has measure zero if it has measure <c for every e > 0.
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The measure zero sets form a countably complete ideal on R . It is easy to see that a
countable union of measure zero sets is again measure zero. To strengthen this theorem in
the context of MA we need some more topological and measure theoretic notions. The
(standard) topology on R is generated by the basic open sets I for s € <“2. Hence every
union |J, <o In of basic open intervals is itself open. The basic open intervals I, are also
compact in the sense of the HEINE-BOREL theorem: every cover of I; by open sets has a
finite subcover.

Theorem 12. Assume MA, and let (X;|i < k) be a family of measure zero sets. Then
X =,.,. Xi has measure zero.

Proof. Fix € >0. We show that X =J,_, X; has measure <2¢. Let
I={(a,b)la,beQ,a<b}

the countable set of rational intervals (a,b) ={c€R|a<c<b} in R. The length of (a,b) is
simply length((a,b)) =b—a. We shall apply MARTIN’s axiom to the following forcing P =
(P,2,0) where

P={pCI|) length(l)<e}.
Iep
1) P is ccc.

(
Proof. Let {p;|i <wi} C P. For every i <w; there is n; <w such that p; has measure <e —

L By a pigeonhole principle we may assume that all n; are equal to a common value n <

ng
w. For every p; we have

Z length(l) <e— l

n
ITep;
For every i <w; take a finite set p; C p; such that
1
Z length(/) < -
Iepi\p;

There are only countably many such set p,, and again by a pigeonhole argument we may
assume that for all i <w;

Pi=D
takes a fixed value. Now consider 7 < j <w;. Then

> length(I) < ) length(I)+ > length(I)

Iep;Upj Iep; Iepj\p
1 1
< e——+—
n n
= £

Hence p;Up; € P and p; Up; < p;, p;, and so {p;|i <wi} is not an antichain in P. ged(1)
For i < k define

Di:{p€P|Xi§U P}
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(2) D; is dense in P.
Proof. Let g€ P. Take n <w such that

Z length(/) <e —l.

n
Ieq
Since X; has measure zero, take » CZ such that X; CJ p and ZIET length(/) < % Then

XiclJ (qur) and >~ length(I) <) length(l)+ ) length(/) <e — % + % =¢.

ITequr Iegq Ier
Hence p=qUreP, p2Oq,and p€ D;. ged(2)
By MA, take a filter G on P which is {D;|i <k }-generic. Let U=J G CT.

(3) X= Uz‘<n XiC UIeU 1.
Proof. Let i < k. By the generity of G take p€ GN D;. Then

X; C U pQU U
ged(3)

(4) > cp length() <e.
Proof. Assume for a contradiction that ), ., length(/) > ¢ . Then take a finite set

U CU such that > rep length(l) >e. Let B ={ly,...,Ix_1}. For every I; €U take p, € G
such that I; € p;. Since all elements of G are compatible within G there is a condition p €
G such that p D py, ..., pr_1. Hence U C p. But, since p € P, we get a contradiction:

e< Z length(/) < Z length(l) <e.

=2 Iep

Two easy consequences are:
Corollary 13. Assume MA, and let X CR with card(X) < k. Then X has measure zero.
Theorem 14. Assume MA. Then 2% is reqular.

Proof. Assume instead that R={J,_, X; for some x < 2%, where card(X;) < 2% for every
i < k. Every singleton {r} has measure zero. By Theorem 12, each X; has measure zero.
Again by Theorem, R = |J,_, X; has measure zero. But measure theory (and also intu-
ition) shows that R does not have measure zero. U

4.2 Almost disjoint forcing

We intend to code subsets of k by subsets of w. If such a coding is possible then we shall
have

Mo L 2K L Mo o 2K = Mo,

We shall employ almost disjoint coding.
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Definition 15. A sequence (x;|i € I) is almost disjoint if
a) x; is infinite

b) i+ j <k implies that x;Nx; is finite
Lemma 16. There is an almost disjoint sequence (x;]i <28) of subsets of w.

Proof. For ue€“2 let x,={u[m|m<w}. x, is infinite. Consider u+# v from “2. Let n <
w be minimal such that w [n# v [n. Then

ruNzy={umm<win{vimm<w}={ulm|m<n}

is finite. Thus (z,|u € “2) is almost disjoint. Using bijections w <+ <“2 and 2™ <+ “2 one
can turn this into an almost disjoint sequence (;]i < 2%) of subsets of w. O

Theorem 17. Assume MA,. Then 2% = 2%,

Proof. By a previous example, x < 2%. By the lemma, fix an almost disjoint sequence
(x;]i < k) of subsets of w. Define a map ¢: P(w) — P(k) by

c(x)={i<k|rNz;is infinite}.

We say that = codes c¢(x). We want to show that every subset of k can be coded as some
¢(x). We show this by proving that ¢: P(w) — P(k) is surjective.
Let A Ck be given. We use the following forcing (P, <, 1) to code A:

P={(a,z)|a Cw, z Ck,card(a) < Ny, card(z) < Ny},

partially ordered by
(@', 2Y<(a,2)iff ' Da,2’DziczN(k\A)—=ad' Nz;=anz;.

The weakest element of P is 1=(0,0).

The idea of the forcing is to keep the intersection of the first component with x; fixed,
provided ¢ ¢ A has entered the second component. This will allow the almost disjoint
coding of A by the finite/infinite method.

(1) (P, <, 1) satisfies ccc.
Proof. Conditions (a, y) and (a, z) with equal first components are compatible, since
(a,yUz) < (a,y) and (a, yU z) < (a, z). Incompatibel conditions have different first com-
ponents. Since there are only countably many first components, an antichain in P can be
at most countable. ged(1)

The outcome of a forcing construction results from an interplay between the partial
order and some dense set arguments. We now define dense sets for our requirements.

For i <k let D;={(a,z) € Pli€z}. D, is obviously dense in P. For i€ A and n € w let
D;,={(a,z)e P|IIm>n:mecanmz;}.

(2) If i€ A and n €w then D, , is dense in P.
Proof. Consider (a, z) € P. For j € z, j # ¢ is the intersection x; N x; finite. Take some
m € x;, m>n such that m¢ z;Nz; for j €z, j#i. Then

(au{m},z)<(a,z) and (aU{m},2)€D; .
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qed(2)
By MA, take a filter G on P which is generic for the dense sets in

{D;li<k}U{D;nlic Aincw}.
Let
z:U {a|(a,y) e G} Cw.

(3) Let i € A. Then x Nx; is infinite.
Proof. Let n <w. By genericity take (a,y) € GND,, . By the definition of D, ,, take m >
n such that m € aNx;. Then m € xNx;, and so x Nx; is cofinal in w. ged(3)
(4) Let i € k \ A. Then zNx; is finite.
Proof. By genericity take (a,y) € GND;. Then i € y. We show that x Nx; CaNz;. Con-
sider n € x Nz;. Take (b, z) € G such that n € b. By the filter properties of G take (a’,y’) €
P such that (a’, y') < (a, y) and (a’, y") < (b, 2). Then n € a’, and by the definition of <,
aNz;=aNx;. Thusn€aNwz;. ged(4)

So

c(x) ={i < k|zrNx;is infinite} = A € range(c).

4.3 Baire category

Lebesgue measure defines an ideal of “small” sets, namely the ideal of measure zero sets:
arbitrary subsets of measure zero sets are measure zero, and, under MA, every union of
less than 2% measure zero sets is again measure zero.

We now look at another ideal of small sets, namely the ideal of subsets X of R which
are nowhere dense in R: every nonempty open interval in IR has a nonempty open subin-
terval which is disjoint from X. The union of all such subintervals is open, dense in R,
and disjoint from X.

The BAIRE category theorem says that the intersection of countably many dense open
sets of reals in dense in R. We can strengthen this to:

Theorem 18. Assume MA, . Then the intersection of kK many dense open sets of reals is
dense in R.

Proof. Consider a sequence (O;|i < k) of dense open subsets of R. We use standard
COHEN forcing P = Fn(w, 2, Xg) for the density argument. Since P is countable it trivially
has the ccc. For i < k define D; = {p € P|Vx € R (z D p—x € O;)}. This means that the
interval determined by p lies within O;. The density of D; follows readily since O; is open
dense. For n <w let D,, ={p € P|n € dom(p)}. Obviously, D, is also dense in P. By MA,
let G C P be {D;|i < k}-{Dn|n < k}generic. Let z =) G. p € GN D, implies that n €
dom(p) Cdom(z). So x:w— 2 is a real number. O

Since MAy, is always true in ZFC, we get the BAIRE category theorem:

Theorem 19. The intersection of countably many dense open sets of reals is dense in R.
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This says that dense open sets (of reals) have a largeness property, and correspond-
ingly complements of dense open sets are small.

Definition 20. A set A C R is nowhere dense if there is a dense open set O C R such
that ANO =10. A set A C R is meager or of 1st category if it is a union of countably
many nowhere dense sets.

Proposition 21.
a) A singleton set {x} CR is nowhere dense since R\ {x} is dense open in R.
b) A countable set C' is meager.
c) A set A C R is meager iff there are open dense sets (On|n < w) such that A N
N, On=0.

d) R is not meager. Sets which are not meager are said to be of 2nd category.

Proof. ¢) Let A = Un cw A, be meager where each A, is nowhere dense. For each n
choose O,, dense open in R such that A, NO,,=0. Then

(U A)n(() 0 =An([) 0.)=0.

n<w n<w n<w

Conversely assume that AN (), . On) =0 where each O, is dense open. (A\ O,)N O, =
(), and so by definition, every A, = A\ O, is nowhere dense. Obviously

U A, C A.
n<w

For the converse consider x € A. The property A N (7, o 0,) = 0 implies that we may
take n <w such that ¢ O,,. Hence v € A\ O, =A,. So A=J,_,

d) If R were meager then there would be open dense sets (O,|n < w) such that R N
N, <., On="0. But by Theorem 19,

RN () Ou=[) On#Y,

n<w n<w

A, is meager.

contradiction. O

We would now like to show as in the case of measure that a union of <28 small sets in
the sense of category is again small if MARTIN’s axiom holds.

Theorem 22. Assume MA, . Let (A;li < k) be a family of meager sets. Then A =
U, -, Ai is meager.

Proof. Obviously it suffices to consider the case where each A; is nowhere dense. We
shall use MA, to find dense open sets (O,|n <w) such that

(L 4)n () 0 =ANn([) On)=0.

<K n<w n<w
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The forcing will consist of approximations to a family (O, |n <w) of open dense sets which
makes this equality true.

The forcing conditions will consist of finitely many finite approximations to the O, .
Moreover there will be for every n a finite collection of ¢ < k such that an approximation
to the equation holds for those i. We shall see that by appropriate density considerations
the full equality may be satisfied.

For ccc-reasons, much like in the argument of measure-zero sets, we only consider
approximations to the O,, by finitely many rational intervals. Let

Z={(a,b)|la,beQ,a<b}
the countable set of rational open intervals (a,b) ={c€R|la<c<b} in R. Now let
P={(r,s)|r:w— [Z]<, s: w = [k]<¥, {n < w|r(n) # 0} is finite, {n < w|s(n) # 0} is
finite, Vn <wVi € s(n) A;N U r(n)=0}.
Define
(r',s")<(r,s) iff Vn<w (r'(n) 2r(n)As'(n)2Ds(n)).

(1) (P, <) satisfies the countable chain condition.
Proof. Consider (r, s) and (r, s’) in P having the same first component. Then define s":
w— [k]<¥ by s”(n)=s(n)Us'(n). It is easy to check that (r,s”) € P, and also (r,s"”) < (r,
s) and (r,s”) < (r,s’). So (r,s) and (r, s’) are compatible in P.

An antichain in P must consist of conditions whose first components are pairwise dis-
tinct. Since there are only countably many first components, an antichain in P is at most
countable. ged(1)

For each n <w the following dense sets ensures the density of the O, in R: for I €7 let

Dy, 1={(r",s")|3J€r'(n) JCI}.
(2) Dy, s is dense in P.
Proof. Let (r,s) € P. Let s(n) = {ig, ..., ix—1}. Since A, ..., A;,_, are nowhere dense one
can go find intervals [ D I;, D ... D Iy_1=J in Z such that A; N [;,=0. Define r":w — [Z]<¥
by ' [ (w\{n})=7rT(w\{n}) and r'(n) =r(n)U{J}. Then (r',;s)€ P, (r',s) < (r,s), and
(r',s) €Dy 1. qed(2)
We also need that every i < k is considered by some O,,. Define

Di={(r",s")|In<wies (n)}.

(3) D; is dense in P.
Proof. Let (r, s) € P. Take n < w such that 7(n) = (. Define s": w — [Z]<* by s’ | (w \
{n})=sl(w\{n}) and s'(n)=s(n)U{i}. Then (r,s") e P, (r,s")<(r,s), and (r,s’) € D;.
qed(3)

By MA, we can take a filter G on P which is generic for

{Dniin<w,l€Z}U{D;li<k}.
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For n <w define

On UU{’/’ |(r,s)eG}.

(4) O,, is open, since it is a union of open intervals.

(5) O, is dense in R.

Proof. Let I € Z. By genericity take (', s') € GN D, ;. Take J € r'(n) such that J C I.
Then

@#JQU CUU{T l(r,s)eG}=0,.
qed(5)
(6) Let i <x. Then A;N (), _, On=0.
Proof. By genericity take (', s') € G N D;. Take n < w such that ¢ € s'(n). We show that
A;NO,=0. Assume not, and let z € A;NO,,. Take (7“ s)€G and I € r(n) such that z € I.
Since G is a filter, take (7’”, s") € P such that (r”,s”) < (r, s) and (r", s”) < (r', s’). Then
I'er’(n),ie€s"(n), and

re NI C AN r"(n)#0.

The last inequality contradicts the definition of P. ged(6)
By (6), U, 4NN, -, On=0, and so {J,_, A; is meager. O

5 Iterated forcing

MARTIN’s axiom postulates that for every ccc partial order (P, <, 1p) and D with
card(D) < 2% there is a D-generic filter G on P. Syntactically this axiom has a V3-form:
VPYDAG... . V3-properties are often realised through chain constructions: build a chain

M=MyCMC..CM,C...C MsC

of models such that for any P, D € M, there is some 3 > «a such that Mg contains a
generic GG as required. Then the “union” or limit of the chain should contain appropriate
G’s for all P’s and D’s.

Such chain constructions are wellknown from algebra. To satisfy closure under square
roots (Vx3dy: yy = x) one can e.g. start with a countable field M, and along a chain My C
M; C M, C ... adjoin square roots for all elements of M, . Then Un<w M,, satisfies the clo-
sure property.

In set theory there is a difficulty that unions of models of set theory usually do not
satisfy the theory ZF: assume that My C M; C M, C ... is an ascending chain of transitive
models of ZF such that (M1 \ M,) NP(w)# 0 for all n <w. Let M,=J,_ M,. Then
P(w) N M, ¢ M, . Indeed, if one had P(w) N M, € M,, then P(w) N M, € M,, for some n <
w and P(w) N M,,+1 € M, contradicts the initial assumption. So a “limit” model of models
of ZF has to be more complicated, and it will itself be constructed by some limit forcing
which is called iterated forcing.

Exercise 7. Check which axioms of set theory hold in M, = Un<w M, where (M,)n<. is an
ascending sequence of transitive models of ZF(C).
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Since we want to obtain the limit by forcing over a ground model M the construction
must be visible in the ground model. This means that the sequence of forcings to be
employed to pass from M, to M, has to exist as a sequence (Qg\ﬁ < k) of names in the
ground model. The initial sequence (Q 5|8 < ) already determines a forcing P, and Q. is
intended to be a P,-name. If G, is M-generic over P, then furthermore @, = (QQ)GG is
intended to be a forcing in the model M, = M[G,], and M, is a generic extension of M,
by forcing with Q. The following iteration theorem says that any sequence (Q 5|8 < k)€
M gives rise to an iteration of forcing extensions. In applications the sequence has to be
chosen carefully to ensure that some V3-property holds in the final model M, . Without
loss of generality we only consider forcings ), whose maximal element is ().

Theorem 23. Let M be a ground model, and let ((Qﬁ, <p)|B < K) € M with the property
that V3 < k:0) € dom(Qps). Then there is a uniquely determined sequence ((Pa, <o, la)|a <
K) € M such that

a) (Py,<a,la) is a partial order which consists of a-sequences;
b) Po={0}, <o={(0,0)}, 1o=0;
c) If \< K is a limit ordinal then the forcing Py is defined by:
Py = {pA=VIVy<XipveP)ATy<AVBE[Y,A) p(B)=0)}
PAq if Vy<Xply<yqly
Iy = 0y<A)
d) If o<k and 14Fp, “(Qu, <a,0) is a forcing”, then the forcing Payy is defined by:

P, = {p:a—|—1—>V|p[aEPa/\p(a)Edom(Qa)/\p[all—pap(a)eQa}
P<at1q iff pla<aqlaAplalkp, p(a)<ag(a)
1a+1 = (®|’Y<Oé+]_)

e) If a <k and not 1y IFp, “(Qy, <a,0) is a forcing”, then the forcing P.,1 is defined
by:
P,y = {pat+1=V|plaeP,Apla)=0}
P<a+1q f pla<aqla
1a+1 = (®|’}/<Oé+]_)

((Pa, <a, la)|a < k), and in particular P, are called the (finite support) iteration of the
sequence ((Qp, 5|5 < ).

Proof. To justify the above recursive definition of the sequence ((P,, <4, la)|a < k) it suf-
fices to show recursively that every P, is a forcing.

Obviously, F is a trivial one-element forcing.

Consider a limit A < k and assume that P, is a forcing for v < a. We have to show
that the relation <, is transitive with maximal element 1, . Consider p <, ¢ <, r . Then
Vy<Xiply<yqlyand Vy<Aig|y<yr[v. Since all <, with v <\ are transitive rela-
tions, Vy < Aip [ v<,r [ and so p<,r. Now consider p€ P,. Then Vy<A:p[~ve€P,.
By the inductive assumption, Vy <A:p [y <,1,=1,[~ and so p<y1,.
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For the successor step assume that o < x and that P, is a forcing.
Case 1. 14Fp, (Qn, <a,0) is a forcing.
For the transitivity of <,.1 consider p <q41 ¢ <aqr1 7. Then p | a <, ¢ | aAp |
alkFp, p(a)<aq(e) and g [ a <o7 [ang | albp, ¢(a)<.r(a). By the transitivity of <u: p|
a<qr [ a. Moreover p | albp, p(a)<aq(a), plalFp, q(a)<r(a) and p | alkFp, “<, is tran-
sitive”. This implies p [ alFp, p(a)<or(a) and together that p <gqq7.

For the maximality of 1,41 consider p € Pyyy. Then p [ € Py Ap [ alFp, p(a) € Q, .
Then p [ @ <o 1o = lay1 | @ . Moreover p | a lFp, “D is maximal in <. implies that p |
o ”_Pap(a)<a® =1lay1(a). Hence p<apa 1a+1
Case 2. It is not the case that 1,IFp, (Q., <a,0) is a forcing.

For the transitivity of <,.; consider p <,11 ¢ <aqz1 7. Then p [ @ <, ¢ | @ and ¢q |
a<,r [ a. By the transitivity of <,: pla<<,r[a and so p<oa17.

For the maximality of 1,.; consider p € P,,; . Then p | « € P, . By induction, p |
a<y,1ly and so p<ap1 ot - O

The term “finite support iteration” is justified by the following

Lemma 24. In the above situation let p € P.. Then
supp(p) = {a < k[p(a) # 0}

s finite.

Proof. Prove by induction on a < x that supp(p) is finite for every ¢ € P, . The crucial
property is the definition of P at limit A in the above iteration theorem. O

Let us fix a ground model M and the iteration ((Qg, <g)|8 < ) € M and ((Pa, <a,
lo)|a < k) € M as above. Let G, be M-generic for P, . We analyse the generic extension
M, = M[G,] by an ascending chain

M = My C My = M[Gy] = Mo[Hg) € My = M[Ga] = My[H}] C ... C My = M[Go] C... C M,

of generic extensions.
Let us first note some relations within the tower (P, )., of forcings.

Lemma 25.

a) Let o<k andp,q€P,.
Then p <o q iff V7 €supp(p) Usupp(q): p | vIkp, p(7)<4q(7).

b) Let a< <k andpe Ps. Thenpla€P,.

c) Let a< <k and p<pq. Thenpla<,qla

d) Let a < <k, q€Ps,p <aqla. Thenp U (¢g(y)la <v< B)€ Pz and p U
(a(Mler<y<B)<pq-

Proof. a) By a straightforward induction on a < k. Now b) — d) follow immediately. O
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For a < k define G,={pla|peG.}.
(1) G4 is M-generic for P,.
Proof. By (a), G, € P, . Consider p [ a, ¢ | a« € G, with p, g € G,. Take r € G, such
that r <.,p,q. By (a), rfa<.p|a,q|a. Thus all elements of G, are compatible in P, .
Consider p|a € G, with pe G, and § € P, with p[a<,q . By (a),

q=q U Dla<y<r)

is an element of P, and p <, ¢ . Since Gy, is a filter, ¢ € G, , and so ¢ =¢q | « € G, . Thus
G, is upwards closed. )
For the genericity consider a set D € M which is dense in P, . We claim that the set

D={dcP,|dlaeD}eM
is dense in Py: let p€ P,. Then pla € P,. Take d € D such that d <,p|a. By (c,d),

d=d U(p(y)la<y<r)e€P;

and d<.p.
By the genericity of G, take p€ DNG,.. Then pla€ D NG,# 0. ged(1)

So M, = M]|G,] is a welldefined generic extension of M by G, .
(2) Let a< B < k. Then G, € M[Gp| and M[G,] C M[Ggl.
Proof. Go={plalpeG}={(p|B)lalpeG}={qlalgeGs} € M[Gg]. qed(2)

For o < k define

({0},{(0,0)},0), else
Then Q. € M,=M]|G,] is a forcing. For o < K define

Ho={p(a)“|peGy}.

Qa:(Qa,SQ“, ) {(Qa“,gga’ ) 1f1 H_p (Qa7<a7@) isafOI'CiIlg”

(3) H, is M,-generic for @, .

Proof . If it is not the case that 1, IFp, “(Qy, <a, @) is a forcing”, then (Qq, <%, (7)) ({0},
{(0, )}, 0) and H, = {0} is trivially M,-generic. So assume that 1, IFp. “(Q,, <o, 0) is a
forcing”.

(a) Ho C Qa- .

Proof. Let p€G,,. Then pla+1€ P,y and so p | alkp, p(a) € Q, . Since p | a € G, we

have that p(a)% e Q5= Q.. qed(a)
(b) H, is a filter.
Proof. Let p(a)% € H, and p(a)® <% reQ,.

(e) Let D € M, be dense in Q.. Then D N H, # 0.
Proof. Take D € M such that D = D% Take p € G, such that

P [ozll—paD is dense in Qa.
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Define
D={deP,|d]al-da)eD}e M.

We show that D is dense in P, below p. Let ¢ <, p. Then q | @« <o p | a@ and ¢q |
alF g(a)<aop(a). Hence g [alkp, D is dense in @, and there is d <, ¢ [ o and some d(a) €

dom((@,) such that
d I-p, (d(a)<ag(a) Ad(a) € D).
Define
d=d U{(a,d(a))}U(q(7)|a <7 <k).

Then de P,,, d<,q,and de D.

By the genericity of G, take d € DN G, . Then d(a)% € H,, d | a € G, , and d(a)% €
(D)% =D . Thus HyND 0.
(4) Ma—l—l = Ma[Ha]‘
Proof. O is straightforward. For the other direction, if suffices to show that G,.; €
M,[H,], and indeed we show that

Goar1={q€Pri1|qlaceGong(a)P € Hy}.

Let ¢ € Gqy1. Take p€ G, such that pJa+1=¢. Then q[a=p|a € G, and g(a)% =
p(a)% € H, . For the converse consider q € P, such that ¢ | « € G, and ¢(a)% € H, .
Take p1, p2 € G, such that ¢ | @ = p; | a and g(a)% = py(a)®. Take p € G, such that
p <. P1, p2 - We also may assume that p [ alF g(a) = pa(a). pla<api[a=q[aand p|
alkp, p(a)<apa(a) = q(a). Hence pla+1<aq1¢. Since pla+1€ Gqpy and since Gy is
upward closed, we get ¢ € G4 .

5.1 Embeddings

In the above construction, M[G,] € M[Gps] canonically. This corresponds to canonical
transformations of names used in the construction of M[G,] into names used to construct
M|[Gg]. Such transformation of names is important for the construction and analysis of
interations. We first reduce our “name spaces” from all of M to more specific P-names.

Definition 26. Let P be a forcing. Define recursively: & is a P-name if every element of
7 is an ordered pair (y, p) where y is a P-name and p € P. Let V¥ be the class or name
space of all P-names.

The generic interpretation of an arbitrary name only depends on ordered pairs whose
second component is in P. This is observation leads to

Lemma 27. Let P be a forcing. Define 7:V — V' recursively by

(@) ={(7(y), p)| (., p) €2 }.
Then 7(2) is a P-name and

1plFd =7(2).

Le., %= (7(2))Y for every generic filter on P.
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Let m: P— @ be an orderpreserving embedding of forcings. This induces an embedding
of name spaces 7: V¥ — V% which is defined recursively:

(@) ={(7(y), 7(p))| (4. p) €2 }.
One can study such embeddings in general. They satisfy “universal properties”, sometimes
relying on structural properties of the embedding 7.

Exercise 8. Examine, how generic filters are mapped by 7w and its inverse and how this induces
embeddings of generic extensions. Formulate sufficient properties for the original map .

We restrict our considerations to embeddings connected to iterated forcing. So let
((Pay <a, la)|a< k) be a finite support iteration of the sequence ((Q,, <.)|a < k). In view

of the previous lemma we also require in the iteration that every @, is a P,-name.
There are canonical maps between the P,’s. For a < 8 <« define 7,3: P, — Ps by

Tap(p) =pU (D] a<y < ).
Also define mgo: Pg— Py by ma(q) = q [ . Ta, is a left inverse of m,ps:
WgaOﬂ'ag:idpa.

Let the previous constructions take place within a ground model M. Let G, be M-generic
for P, and let M, = M[G,] for a < k be the associated tower of extensions. Let a < < k.
The inclusion M|[G,] C M|[G ] corresponds to the following

Lemma 28. Let i € M be a P,-name and & =7}g(3) € M" its “lift” to Ps. Then

g Go =30,

Proof. By induction on z:

{9 13¢€Gps(ij, q) €}

= {§“°13q(q€GsA(j,q) €i)}

= {9 13q(q€Gs A3y, p) €2 (mas(y), map(p)) € & A i =Ths(1) Nq=Tas(p)))}
= {7 |3peGal(y,p) €d i =mip(y)}

= {mhs(9)“" | I Ga (. p) €4}

= {y%|3IpeGy(y,p) i}
—= :(:"Ga

il

O

In the intended applications of iterated forcing we shall usually be confronted at “time” «
with several tasks which have to be dealt with “one by one” along the ordinal axis «: there
will be, e.g., two distinct partial orders R, S € M[G,] for which we want to adjoin generic
filters. These have P,-names R, S € M~ In the iteration we may set Qa — R, but then
we have to deal with S at some later “time” §. This will be possible by lifting S to a Ps-
name: set Qg = WZﬁ(S ) In the construction some “bookkeeping mechanism” will ensure
that eventually all tasks will be looked after.
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5.2 Two-step iterations

Definition 29. Consider a forcing (P,<p,0) and names Q, < such that
1pIF(Q,<,0) is a forcing.

and 0 € dom(Q). Then the two-step iteration (PxQ,=<,1) is defined by:

PxQ = {(p,q)lpePAjedom(Q)AplpieQ}
(P, ¢ =< (p,q) iff P"<ppApIFpg’'<q’
1 = (0,0)

The two-step iteration can be construed as an iteration of a sequence ((Qg, <p)|8 < 2) of
length 2: Let QO = P, <o = <p where the canonical names P and <p are formed with
respect to the trivial forcing Py = {0}, <o={(0,0)}, 1o=0. Then (P, <p,0) is canonically
isomorphic to the induced forcing (P, <1, 11) by the map h: p— p. We may assume that
@ is a P-names in the restricted sense that for every ordered pair (a, p) € TC(Q) p € P.

Then define a corresponding P-name Q; by replacing recursively each (a, p) € TC (Q) by
(...;h(p)). Similarly for <;. '
One can check that the iterated forcing (P», <2, 12) defined from ((Qg, <3)|8 < 2) is
canonically isomorphic to (P*Q, <, 1).
Such identifications using subtle but canonical isomorphisms occur often in the theory
of iterated forcing.
Exercise 9. If G is M-generic for Px@Q € M where M is a ground model define
Gy = {pEPHq’Edom(Q): (p,4)€G}
Gy = {¢%|IpeP:(p,4) G}
Show that G is M-generic for P and that G is M-generic for Q°.
Conversely let Gy be M-generic for P and G M-generic for QC°. Show that
G:{(paq)|p€G07qGOEGl}
is M-generic for Px(Q).

5.3 Products of partial orders

A special case of a finite support iteration is a finite support product. So let M be a
ground model, and let ((Qgs, <3)|f < k) € M be a sequence of forcings such that () is a
;nax'imal element of every @QQs. Define the finite support product [] Ben () as the following
orcing:

[T @5 = (o= VIVE < p(B) € Qs supp(p) is fiite)
B<K
p=<q iff VB<r:p(B)<sq(B)
L, = (0|8 <k)

We want to show that the product corresponds to a simple iteration. Define a sequence

(@ <p)lB<r)EM
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where Q 5 is the canonical name for ()3 with respect to a forcing which has the 3-sequence
1 = (0]y < B) as its maximal element. (Note that the definition of # = {(y, 15)|y € x}
only depends on 13 .) Let the sequence ((P., <a, lo)|a < k) € M be defined from the

sequence ((Qg, <p)| < k) of names as in the iteration theorem.
Then there is a canonical isomorphism

VI H Qﬁ (—)PH
B<K
defined by: p— p’ where
p'(B)=p(B)

with respect to a partial order with maximal element 15. It is tedious but straightforward
to check that this defines an isomorphism.

6 Iteration theorems

A main concern of forcing is the preservation of cardinals. There are several criteria for
ensuring cardinal preservation or at least the preservation of N; . Iteration theorems take

the form: if every Qg in ((Qg, <p)|8 < k) is forced to satisfy the preservation criterion
then also P, satisfies the criterion.

Theorem 30. Let A be a reqular cardinal. Consider the two-step iteration (P*Q, <, 1) of
(P,<p,0) and (Q, <, 0). Assume that (P, <p,0) satisfies the A\-c.c. and OlFp “(Q, <,O)
satisfies A-c.c”. Then (PxQ,<,1) satisfies the A-c.c.

Proof. We may assume that the assumptions of the theorem are satisfied in some ground
model M. Tt suffices to prove the theorem in M. Work inside M. Let ((pa; ga)| @ < A) be
a sequence in (PxQ, <, 1). It suffices to find two compatible conditions in this sequence.

(1) There is a condition p € P such that plFsup {a | Py € G} = \ where G is the canonical
name for a generic filter on P.

Proof. If not, then there is a maximal antichain A in P of conditions ¢ for which there is
an ordinal 7, < k such that ¢l sup {a | Do € G} =17, By the r-c.c., card(A) < A. By the
regularity of x there is 7 < x such that Vg€ Ay, <. Since A is a maximal antichain,

OzlplFsup{a|]§a€G}<7.

But pyyilbp, € G and Dy+11Fsup {a | P € G} >+ 1. Contradiction. ged(1)
Take an M-generic filter G on P such that p € G and p IF sup {a | Pa € G} =A.In

MIG] form the sequence (¢S | po € G); by (1) this sequence has ordertype X . Q° satisfies
the A-c.c. in M[G] and A is still a regular cardinal in M[G]. So there are o < 5 < X such
that ¢§ and qg are compatible in Q€. Take r € G and ¢ € dom(Q) such that r < p,, pgs

and rl- g < ¢a, gs. Then (7, q) EP*Q and (7, ¢) < (Pas ¢a)s (P8 q3)- O
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Theorem 31. Let ((Pa, <a, la)la < k) be the finite support iteration of the sequence
(Qs,<p)|B< k). Let X be a regqular cardinal and suppose that

Pl “Qﬁ is A-cc”
for all B < k. Then every P,, a <k is \-cc.

Proof. Again it suffices to prove the theorem in some ground model M. Work inside M.
We prove the theorem by induction on o < . The theorem is trivial for Py={(}.
Let « = 3+ 1. One can canonically prove that Pgq = PB*QB- Then P, is A-cc by the
inductive assumption and the previous theorem.
Finally consider a limit ordinal a < k. Let A C P, have cardinality A. Every condition
p € A has a finite support supp(p). By the A-system lemma, we may suppose that
(supp(p) | p € A) is a A-system with some finite kernel d. Take 8 < a such that d C 5. By
the inductive assumption Pjs is A-cc. Take distinct p, g € A such that p | 3, ¢ [ 8 are com-
patible in Pz . Take r € Pg such that r <gp [ 3, ¢ | 8. We then define a compatibility ele-
ment s <, p, q by
r(i), for i< g
s(1)=1¢ p(i), for f<i<a,i€supp(p)
q(i), for f<i<a,i¢supp(p)
OJ

Although the final model M[G,] is not the union of the models M[Gg] it may behave
like a union with respect to “small” sets.

Lemma 32. In a ground model M let ((P., <a, lo)|a < k) be the finite support iteration
of the sequence ((Qs, <p)|B < k) of limit lenght k . Let G, be M-generic over P, . Con-
sider a sets S € M, X € M|G,], X CS and assume that M|G,] F card(S) < cof(k). Then
there is a < K such that X € M[G,] where Go,={p|a|peG,}.

Proof. Take X € M and X = X Without loss of generality we may assume that
1.IF X CS. Work in M[G,]. For all x € X choose a condition p, € G, such that p, |-z €
X . For every = € X there is some a, < s such that supp(p,) C o, . Since card(S) < cof(k)
take an o < k such that o, <o for all x € X . We claim that

(1) X = {:BGS |dpe Py (p [ € Gy Asupp(p) CaApl-a GX)}

Proof. If x € X then p, satisfies the existential condition on the right. Conversely assume
that p | @ € G Asupp(p) Ca A pl- i € X. Take ¢ € G, such that p | & = ¢ [ «. Then
supp(p) C « implies that ¢ <,p. Hence p€ G, and z € X. ged(1)

This proves X € M[G,]. O

Corollary 33. In the previous lemma let P, have the countable chain condition and let k
be an uncountable reqular cardinal. Then

PO)NM[G]=P0)N | ] M[G.]

a<k
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forall d <k.

7 Forcing Martin’s axiom

Martin’s axiom postulates the existence of partially generic sets for all ccc forcings.
Recalling that every Cohen forcing Fn(\, 2, ¥y) is ccc i.e., this amount to a proper class of
of forcings to consider. To reduce the class of requirements to a set that can be dealt with
in a set-sized iterated forcing, we show that MA, “reflects” down to cardinality « .

Lemma 34. For infinite cardinals k the following are equivalent:
a) MA,;

b) for every ccc forcing Q) whose underlying set is a subset of k and every D C P(k)
with card(D) < k there exists a D-generic filter on Q).

Proof. (a) — (b) is obvious. For the converse use a Lowenheim-Skolem downward argu-
ment. Let (P, <,1) be a ccc forcing and let the set D have cardinality <x. Without loss
of generality we may assume that D C P(P) and that every D € D is dense in P. Consider
the first-order structure

(P7 <7 17 (D)DED>

with a language of cardinality <. By the Lowenheim-Skolem theorem there is an elemen-
tary substructure

(Q> <sza L, (D N Q)DED) = (P> <L (D)DGD)

such that card(Q) < k. By elementarity (Q, <NQ? 1) is a forcing and every D N Q is
dense in Q. If A C @ is an antichain in @) then it is an antichain in P. So A is countable
and () is ccc.

We may assume that Q C k. By (b) take a (D N Q)pep -generic filter F' on Q). We
show that

G={peP|dqeFg<p}

is a D-generic filter on P. The filter properties are easy. For the D-genericity consider
D eD. By the (DN Q)pep -genericity of F there is g€ FN (DN Q). Then

qeFN(DNQ)CGND+0.

Notation 35.

1. If (P, <p, 1p) is a partial order (if (B, <, A, V, 0, 1) is a complete Boolean
algebra), we will simply write P(B) instead.

2. In an iterated forcing, let may: Pg— P, Ta((Pa)a<s) = (da)a<rys o = Pa for o < 3,
Go = 1 for a > (3, denote the canonical complete embedding. Let 7j.: vte 5 v
denote the map induced by g,
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Theorem 36. Suppose that M is a ground model. Suppose that 2<% =k >w in M. There
is a ccc forcing (P, <p, 1p) in M such that for every M-generic filter G on P, MA and
2“=k hold in M|G].

Proof. |Proof ideas]
1. There are at most 2<% =k many counterexamples to MA.

2. Build M C M[Go] € M[G4] C ... M[G,)]... € M[G] for o < k and eliminate 1 coun-
terexample in each step.

3. Ensure that M[G,|F2<" =k for all a <.

4. Every forcing of size <x and every set of size <xk of maximal antichains of the
forcing is in M[G,] for some « < k, since £ is regular. O

Proof. We work in M. Let h: K X kK — x denote Godel pairing. Then h(«a, ) = implies
that o <+, for all o, 8 < k. The " forcing in M[G,] will be used in step 7.
We define

1. a finite support iteration (P,, <p ,1p )a<s With
a. P, ccc and
b. |P.| <k
for all « <k and

2. P,names Fy for all v < k such that 1p IFp 7 F% k — V enumerates all partial
orders (P, <p,1p) with P =\ for some A< k”.

3. P,-names Qv for all v = h(a, B) <k such that 1p IFp 7 if Tany(Fa)(B) is c.c.c., then
Q= Tay(F.)(B), otherwise |Q,|=1"

Suppose that v <k and Fﬁ,, Q,, are defined for all a < ~.

To define F,, note that 1p, IFp, 2<% =k, since there are only (|Py|“)* < s many nice P,-
names for subsets of cardinals A < s (as in Lemma 80, Models of Set Theory 1).

Choose F, with (2) by the Maximality Principle (Problem 36, Models of Set Theory I).

To define Q'w suppose that v = h(«, 3). Choose a P,-name Qﬁf with (3) by the Maxi-
mality Principle. Since 1p IFp, Qv has domain <k, we can choose a nice name Qv with

Q4| < k.
Now suppose that G is M-generic for P.. Let G, :=7,}[G] for a < k.

Claim. MA, for all A< k.

Proof. We work in M[G]. (It is sufficient to prove MA, for c.c.c. partial orders with
domain A for cardinals A < k, by a previous lemma.)

Suppose that (P,<p,1p) is a c.c.c. partial order with P =\ <k and that D is a set of
dense subsets of P with |[D| < A\.

Then P, D € M[G,] for some a < k by a previous lemma. Then P = F.%*(j) for some

B <k by (2).
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Let v = h(a, ). Note that P is ccc in M[G,], since P is ccc in M[G]. Then P =

oo (Fa) ©(8) = Q5" by (3).
So there is a M[G]-generic filter for P in M[G,]. Since D € M[G,] C M[G,], the filter
is D-generic. 0

Claim. MA, for all A< k.

Proof. We have 2<% =k in M|[G], since |P,| < and hence there are < "nice names" for
subsets of A < k. Moreover MA, implies that 2¢ = 2* > X for all A < &, so 2* > k in
M|G]. O

O

8 Martin’s axiom and generic X, absoluteness of H,,,

Definition 37. Suppose that k> w s a cardinal and that T" is a class of partial orders.

1. BFA(T") postulates that for all P €T, there is a D-generic filter on P for any set D
of maximal antichains in P of size <k with |D|<k.

2. If P is a partial order, let BFA,(P):=BFA.({P}).

Remark 38. Suppose that k > w is a cradinal. If I' is a class of forcings such that every
element of T" has the k™-c.c., then BFA,(T") <= FA(T).
In particular, BFA,, (ccc) <= FA,, (ccc) <= MA,,.

We will only consider BFA, for complete Boolean algebras.

Remark 39.

1. Every partial order P is densely embedded into its Boolean completion B(P) (see
Problem 25, Models of Set Theory 1).

2. Suppose that M is a ground model. We work in M. Suppose that B is a complete
Boolean algebra, ¢ a formula, and ¢ a B*-name. Let

[o(0)]:=Tp(0)]s-:=\/ {pe B It} 0(0)}.
Then [(0)] IF¥- ©(o) by Problem 18(c).

Lemma 40. Suppose that B is a complete Boolean algebra and k > w is a cardinal. Then
BFA,(B*) implies that 1gl-p« K is a cardinal.

Proof. Suppose that u < x and pII—Bf: K — fi is injective. Let

Aa={lf(a@)=F] e B| < u}.
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Then each Ag is a maximal antichain below p. Suppose that G is a filter on B with G N
Ag# 0 for all B<k. Let f:rn— pu, f(a)=pif [f(d)=pF] €G. Then f is injective, contra-
diction. n

We will now use BFA,(B(P)*) to reconstruct the first order theory of a structure with
domain k.
Suppose that M is a ground model. We work in M. Suppose that P is a partial order,

Kk > w is a cardinal, (R4)a<x is a sequence of P-names for relations on x, and M is a P-
name for the structure (k, Ry)a<s-

Definition 41. Suppose that in M, G* is a filter on P. Let
1. RG] ={s€r<*|3peG*plFp(ME R,(3))}.
2. M[G*])= (K, Ra[G*])a<x.

Lemma 42. We work in M. There is a set D* of maximal antichains in B(P) of size <k
with |D*| < k such that for every D*-generic filter G* on B(P), every formula ¢(xg, ...,
Tn), and ag, ..., <K

M[G*] FT o g, ...,an) <= IpeG*plkp (M ET @ ag, ..., dn)).

Proof. For ay,...,a, <k and ™ ¢ (g, ..., x,) let

A"ap—',ao an — {[[M ': '__|Q0 —l(do, ceny dén)]], [[M ': r @ —l(Ové(], ceny dn]]}

.....

For " ¢ (x, xg, ...,x,) " and ay, ..., a, < K let

wn={[M E™=32¢ (2, g, ooy ) [} U{[M ET 4 (0, i, ..., ]| < 1}

.....

Let D* ={Ar s a0,....an, A3, 07,00,...a.] ~ @ "aformula, o, ..., ap <K }.
We prove the claim by induction on (codes for) formulas ™ ™.
For atomic formulas, this holds by the definition of M [G*].

For conjunctions, if M[G*] ET ¢ Yag, ..y an) AT 0 Y(Bo, ..., Br), then Ip, ¢ €
G plkp (M ET ¢ Yapg, ..., ), q¢lkp (M ET 9 Y(Bo, ..., Br). Let r < p, ¢ in G*. Then
rlkp (MET ¢ (g, ... ) AT % (Boy -ons Bi))-

If peG*and plFp (M ET ¢ Ydg, ..., dn) A™ 0 By, ..o Br), then M[G*ET™ ¢ (aq, ...,
an) AT (B, .., Br)- ' .

For negations, we have M [G*|F =" ¢ (ag, ..., an) <= =3Ip € G* plrp (M ET » (ap, ...,
ap)) <=3IpeG* pltp (M E =" ¢ dg, ..., dn)), since G*N Arpaq...an F 0.

For existential quantifiers, if MI[G E 3z ¢ (&, ap, ..., o), then there is some a < Kk
with M[G*|ET ¢ («a, a, ..., ). So there is some p € G* with plkp (M ET ¢ (&, do, ...,
) and hence plFp (M E3z" ¢ (z, do, ..., dn)).

If plkp (M E 3z 7 ¢ Yz, &)) for some p € G*, then there is some o < x with

77777

a;,) by the inductive hypothesis, so M [G*|E™ 3z ¢ (z, a, ..., ay). O
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Lemma 43. Suppose that in M, BFA(B(P)*) holds and that 1p IFp (F, Ry) is well-
founded. Then there is a set D* of maximal antichains in P of size <x with |D*| <k such
that for every D*-generic filter G* on P, (k, Ro|G*]) is wellfounded.

Proof. We work in M. For each a <«, let 7, denote a name for the rank function on (v,
RoN(a x a)), ie.
1,lFpry: 7 — Ord, VB < v7.(8) =sup {#(a) + 1| (a, B) € Ry}.

Since BFA,(B(P)*) implies that 1pl-pr € Card, we have 1,IFpr,:d — K. Let

Aas={[ra(B) =717 <}

for a, < k. Let D*={A, gl a, B<K}.
Suppose that G* is a D*-generic filter on P. Then

Fa[GT={(8,7)| B<a, [a(B) = 7] € G*}.

Since G* N A, g+ 0 for all 8 < Kk, 74|G*]: @« — K is a well-defined function. Then 7,[G*] is
order preserving from (a, Ro[G*| N (o X ) to (k, <) for each a < k, by the last equation.
Since co f(k) > w, this implies that (r, Ro[G*]) is wellfounded. O

Definition 44. 1. A formula ¢ s

a. Ag=220=1ly if all its quantifiers are bounded.

b. 11, if it is logically equivalent to a formula of the form —1, where v is a >,
formula.

c. Yt if it 1s logically equivalent to a formula of the form

3$0a ooy Ty w($0a ceos Ty YOs -o0s yl)a
where ¥ is a 11, formula.

2. Suppose that (M, Ry, fo)a<x and (N, Sa, ga)a<r are structures with M C N and W
is a set of (coded) formulas.

a. Let (M, Ra, fo)a<r <w (N, Sa, Ga)a<x if for every (coded) formula ™ o(xy, ...,
Tm) "€V and all yo, ..., Ym € M,

(M7 Raa foc)a<n': r SO(yO, sy ym) = (N7 Soca goc)oc<n': " @(yo, L3 yM) o

b. Let M < N if M <y, N for all n <w.

Problem 1. Suppose that « is an infinite cardinal. Then H, + <5, V.

Proof. Suppose that V E ¢(z, i), where §j € H,.+ and ¢ is a A formula. Suppose that
r € Hpt, 0> k.

Let N < Hy+ with z,tc¢(%) € N, IN| < k. Let m: N — N denote the transitive collapse
of N. Then 7(j)=% and N C H,.+. Let 7 =7(x).
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Then N E (% ,%), so H),.+F ¢(Z,7) by Ag-absoluteness between transitive sets. O

Lemma 45. Suppose that kK > w s a cardinal. There is a Ef"# definable surjection h:
P(H) — H,ﬁ.

Proof. Let ¢g: k X k — k denote Godel pairing. Let f(x) denote 7(0), where m: k — V is
the transitive collapse of (k, g~![z]), if this is wellfounded, and let f(x) = 0 otherwise.

Then h: P(k) — H+ is a Zf{’ﬁ definable surjection. O

Theorem 46. [Bagaria] Suppose that M is a ground model. Suppose that P is a partial
order and that k> w is a cardinal in M. The following conditions are equivalent.

1. BFA(B(P)*) holds in M, and
2. Hye+ <y, H%[G} for all M-generic filters G on P.
Proof. Suppose that BFA,(B(P)*) holds in M. Suppose that
LplF¥ (He+ ET 320 (2, Yo, s Yn) ),

where ¢ is a Ay formula and o, ..., y, € HM.

M

Suppose that h: P(k)M — HM is a Z{{’ﬁ definable surjection in M. Suppose that x; €

P(rk)M and h(x;) = y; for all i <n. Then
Ip ||—]1‘,4 (Hn+ Frdz o 1(1,’ }m’ e M))

Let N denote a name for the transitive closure of {zo, ..., z,} and a witness for the state-
ment "3z ¢ (z, h(xg), ..., h(xy))) in Hﬁm, where G is a name for the M-generic filter on
P. Suppose that 7 is a P-name for an isomorphism 7: (N, €) — (&, E) such that
lplkpi(d)=2-a for all « <k. Let T :={2-a|acx} for x Ck.

Then 1pIFY¥ (£, E) is wellfounded and

1B(P)* H—%(p)* (N = l—EkL’gO —‘(SL’, h(l’_o), ceey h(SL_’n))

We choose a set D* of maximal antichains in B(P)* of size <k with |D*| < k by the pre-
vious lemmas. There is a D*-generic filter G* in M, since B F' A,(B(P)*) holds in M.
Then

1. & is an initial segment of Ord*-Z¢"D,

2. (k, E[G*])E™ 32 ¢ (x, (i), ..., h(£n)) by Lemma 42, and
3. the structure (k, E[G"]) is wellfounded, by Lemma 43.

Then "3z ¢ (x, T, ..., 2,,) holds in the transitive collapse N € M of (k, E[G*]). Since
N <y, HM the proof is complete.

For the other direction, suppose that in M, D is a set of maximal antichains in B(P)*
of size <k with |D| < k. Suppose that @ is an elementary substructure of the Boolean
algebra B(P) with |J D C @ and |Q| < k. Suppose that 7 @) — @ is elementary and @,

-1 M
T (D) € Hn*'
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Suppose that G is M-generic for B(P)*. Since @ is a Boolean subalgebra of B(P)*, it
is easy to check that H:=GNQ is a D-generic filter on Q. Then H :=r~1[H] is a 7~![D]-
generic filter on Q. Since the existence of such a filter is a ¥; statement over H,+, there is
such a filter I € M. Then the upwards closure I = {q € B(P)*|3pe€ Im(p) < q} of n[I] is a
D-generic filter in M. OJ

9 Ideals and cardinal coefficients
Ideals capture (some aspects of) the notion of small sets.

Definition 47. A set Z CP(R) is an ideal on R if

a) if A,BeTI then AUB€eZ

b) if A€Z and BC A then BET

c) ifr€R then {r}el

d) R¢T
An ideal is k-complete if for any family A CZ, card(A) <k holds |J A€Z. An ideal is o-
complete if it is Ny-complete.

We have already considered the following ideals on R:

Definition 48. N ={X CR|X has measure zero} is the ideal of nullsets, the null ideal,
and M ={X CR|X is meager} is the meager ideal.

Both these ideals are o-complete, see Theorem 12 and Theorem 22. They may
have “more” completeness in certain models of set theory. We saw in the mentioned The-
orem 12 that under MAy, the ideals are Ns-complete. On the other hand the continuum
hypothesis CH implies that M is not No-complete. So the value of the completeness of M
is independent of the axioms of ZFC. To study such phenomena one introduces cardinal
characteristics that capture properties of ideal and that may vary between different
models of set theory. Sometimes these coefficients are misleadingsly called cardinal invari-
ants.

Definition 49. Let 7 be an ideal on R. Define the following cardinal characteristics:
—  add(Z) =min{card(A)|ACZ,|J A¢ L} is the additivity (number) of Z;
—  cov(Z)=min {card(A)|ACZ,|J A= R} is the covering (number) of Z;
— non(Z)=min {card(X)| X CR, X ¢T};
—  cof(Z) =min {card(A)|ACZ,VBeZ3A € A: BC A} is the cofinality of Z, a family
A CT such that VBeZ3Ae A: B C A is called cofinal in Z.

Proposition 50. Let Z be a o-complete ideal on R. Then
N; <add(Z) < cov(Z) < cof(Z) < 2%
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and
add(Z) < non(Z) < cof(Z)

This can be pictured by the following diagram:

Proof. The inequalities
N; <add(Z) < cov(Z) and add(Z) < non(Z)

are trivial. To show that cov(Z) < cof(Z) consider a cofinal family A C 7 with card(A) =
cof(A). Then | J A= R and so cov(Z) < card(A) = cof(Z).

To show non(Z) < cof(Z) consider again a cofinal family A C Z with card(.A) = cof(A).
For each B € A choose xp € R\ B+# 0. Then X ={zp|B € A} has cardinality <card(A)=
cof(Z). Assume for a contradiction that X € Z. By cofinality take B € A such that X C B.
Then xp € X C B, contradiction. So X ¢ Z and

non(Z) < card(X) < cof(Z).
OJ
If the continuum hypothesis holds, then all these characteristics are equal to R; = 2%,
So it is interesting to study such characteristics in models of ZFC in which Ny  2%. The
obvious examples to study are models of MA + Xy # 2% and the COHEN model for ¥; =
A
Theorem 51. Assume MA. Then
add(N) = cov(N) = non(N') = cof(N') = 2%
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and

add(M) = cov(M) =non(M) = cof(M) = 2%

Proof. Because MA implies add(N) = 2% (Theorem 12) and add(N) = 2% (Theorem
22). O

Theorem 52. Let M be a ground model of ZFC + CH, and let M F K is a regular car-
dinal>Yy . In M, let (P,<,1p)=Fn(w X k,2,Rq) be the forcing for adding x COHEN reals
and let M[G] be a generic extension of M by P. Then in M|G]

N; = add(N) = cov(N') < non(N) = cof(N) = 2%,

Proof. In M[G], cov(N) = ¥y since by Problem Sheet 1, 3(a) there is an Nj-sequence of
measure zero sets whose union is R . non(AN’) = 2% since by the argument of Theorem 4
every set of reals of cardinality <2 is a measure zero set.

O

Before proving an analogous result for the meager ideal M we make some preparations
concerning “codes” of open sets in R . In a transitive ZFC-model N consider an open set
ACIR. A can be represented as

A= U c

where ¢ € N is a set of rational open intervals. To make being a code a definite notion,
only the rational endpoints of a rational interval are recorded in a code.

Definition 53. An open code or a G-code is a set ¢ C [Q)>={{r,s}|r,seQ,r<q}. If
M is a transitive model of set theory and c € M then

M= U (r,s)M

{r,s}ec

is the interpretation of the code ¢ in M, where (r,s) ={te RNM |r<t<s} is the open
interval between r and s as defined in M.

If N O M is another transitive model of set theory then ¢ C ¢V. Indeed if RN M #
RN N and c# () then ¢™ # ¢N. Nevertheless one may view ¢™ and ¢V as the “same” open
set interpreted in different models. Accordingly, many properties of ¢ in M transfer to
cNin N. E.g.,

Lemma 54. Let c€ M C N be a G-code. Then cM is dense open in M if ¢V is dense open
m N.

Proof. Let ¢ be dense open in M. Consider 7, s € Q, r < s. By density take z € M N (r,
s)M. Then z €N N (r,s)V.

Conversely Let ¢V be dense open in N. Consider 7, s € Q, r < s. By density, ¢V N (r,
s)N = (). Take a rational pair {ro, so} € ¢ such that (rg, s9)™ N (r, s)¥ # 0. Take g € (ro,
so)¥NN(r,s)NN@Q. Then g€ Mn(r,s)M. O
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Note that a set X C R is nowhere dense iff the complement of X contains a dense
open set. A set A CIR is meager iff the complement of A contains a countable intersection
of dense open sets. Let us “code” countable intersections of open sets as follows.

Definition 55. A Gs-code is a countable set d of G-codes. The interpretation of d is the
set in a model M is
aM = ﬂ M,

ced

To explain the notations G and Gy note that in HAUSDORFF’s times, open sets were
called “Gebiet” with a “G” and countable intersections (“Durchschnitt”) were denoted by
subscripts 0 . We show that COHEN reals “avoid” meager sets from the ground model.

Lemma 56. Let M be a ground model and let M[z] = M[H| be a generic extension of M
by the standard COHEN forcing P = Fn(w, 2, Ro): let H be M-generic for P and let z =
H € “2 be the associated COHEN real. Consider a set X € M which is meager in the
ground model and let d € M be a Gs-code for a countable intersection of dense open sets

such that X Nd™ =(. Then z € dM,

Proof. Let us identify R with “2, linearly ordered lexicographically, and let us identify @Q

with the elements of R which are eventually 0. Consider ¢ € d. Define, in M,
D={peP|3(r,s)ecVyeR(yDp—ye(r,s)}.

(1) D is dense in P.

Proof. Let q € P. Since c™ is dense, there exists a real yy D ¢ such that y, € ¢M. Take (r,

s) € ¢ such that yo € (r, s). Take p € P, p O ¢ such that Vy e R (y 2 p—y € (r, s)). Then

pe D and D is dense. ged(1)

By genericity take p € DN H. Then z O p and by the definition of D there is (r, s) € ¢
so that

z€(r,s) CcME,

Since this holds for every ced:
se () M= gV,

ced

O

We can now continue to prove N; = add(M) =non(M) < cov(M) = cof(M) = 2% in the
cohen extension M[G].

Lemma 57. M[G]Fnon(M)=2x;.
Proof. In M[G] define the sequence (z;|i < k) of COHEN reals z;: w— 2 by
z(n)=(J @) (n.d).

We claim that A= {z;|i <w:i} ¢ MMIG - Assume not and let d € MIG] be a Gs-code for a
countable intersection of dense open sets so that

ANdMel =g,
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By previous lemmas take a countable X C x, X € M such that d € M[G | X]. Take i €w;\
X . Then de M|[G | (k\{i})]. We have

MIG]=MI[G T (r\{iD]G T{i}] = M[G T (s \{i})][z]

where z; is a COHEN real with respect to the model M[G | (k \ {i}]. By the previous
Lemma
2 € MG\ D] = gMIG]

contradicting that ANdM=¢. O
Lemma 58. M[G]F cov(M)=2%.

Proof. Assume for a contradiction that (A¢|¢ < A), A < K is a sequence of meager sets
such that R = U5</\ A¢ . For each £ < A choose a Gs-code d¢ such that AN dgﬂG} =(. By
Lemma 53 take X C &, card(X)=card(\) + N such that

VE<Aidee MG | X].
Take i € k \ X. Then
VE<Aidee MG [ (k\{i})]

As above
= dg/f[GF(H\{i})Hzi] _ dg/f[G}

for all £ <. Hence
ZZ¢ U ASZR,

contradiction. O

10 The CICHON diagram

We want to relate cardinal characteristics of the ideals N/ and M in a joint diagram called
the CICHON diagram. We first have to define two more characteristics.

Definition 59.
a) Define the partial ordering <* of eventual domination on w® by
f<*giff Im<wVne[m,w): f(n)<g(n).

b) The bounding number is

b=min {card(F)|F C*w,Vge“w3f € F: f £* g},
i.e., the smallest cardinality of an unbounded family in <*.

¢) The dominating number is

0 =min {card(F)|F C*w,Vge“w3afeF: f<*g},

i.e., the smallest cardinality of a cofinal (or dominating) family in <*.
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Lemma 60. b <0.
Proof. Every cofinal family is unbounded. U

The following diagram records provable relations between the cardinal characteristics
introduced so far. An arrow —— stands for the <-relation between cardinals. Some
inequalities have already been proved:

Th. 62 L. 50
cov(N) — = non(M) — = cof(M) — > cof(N)

Th. 62 “onV)

It is remarkable that there are inequalities connecting the ideals AV and M.

Lemma 61. There are sets A € N and B € M such that AUB =R, i.e., R is the (dis-

joint) union of two sets which are both “small”.

Proof. We work with the standard reals R . Let (¢,|n < w) enumerate the rational num-
bers. For m <w let
1 1
Un= U (Qn_%aQn‘l'%)'

. . n>m
U, is dense open in R and

1 1 2 2
n>m n>m
Let A=, c.
set, i.e., AeN.
R\ Uy, is nowhere dense. Then B=J, . (R\U,) is meager, i.e., B € M. Moreover

U,. . By the calculation of the sum of interval lengths, A is a measure zero

2¢ AIm<w:iz¢ UypoIm<w: z€ (R\Up,) <2 €B.

Theorem 62. (ROTHBERGER, 1938) cov(M) <non(N) and cov(N) <non(M).

Proof. Let Ae N and B € M such that AUB =R as in the preceding Lemma.

(1) Let X¢ M. Then X+ A={r+alreX,ac A} =R.

Proof. Let z€ R. Then z — X ¢ B. Take x € X such that z —2z € A. Then z€x+ A€
X+A. ged(1)
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Now take X ¢ M with card(X)=non(M). Then
R=X+ A= U (x+ A).

zeX

The right hand side is a covering of R by <card(X) many sets in N. So cov(N) <
card(X) =non(M).

The proof of the other inequality proceeds in the same way, with M and N inter-
changed. O

Before we prove further inequalities in the CICHON diagram let us check the values in
the diagram in the models of set theory considered so far.

If we assume MA or CH then we know already that all entries except possible b or 0
are equal to 2%,

Lemma 63. Assume MA . Then b=2% (and so 0 =2%).

Proof. Let F' C“w and card(F) < 2%. Tt suffices to show that F' is bounded in the struc-
ture (“w,<*). Define HECHLER forcing by
P={(a,A)|ae~“w, A C“w,card(A) < No}
with
(a’,A") < (a,A)iff a’Da, A’ DA, and ¥n edom(a’)\ dom(a)Vf € A:a'(n) > f(n)
and 1p: (@, @)

(1) HECHLER forcing has the ccc.
Proof. 1f (a, A), (a, B) € P with the same “stem” a, then they are compatible:

(a, AUB) < (a,A), (a, B).

So if C is an antichain in P, then the map (a, A) — a is injective on C. Since there are
only countably many possible stems a, card(C) <Ng. ged(1)

For every f €“w set

Dy={(a,A)eP|feA}.

(2) Dy is dense in P.
Proof. Since (a, AU{f})<(a,A) and (a, AU{f})€Dy. qed(2)

For every n <w set

D,,={(a,A) € Pnedom(a)}.

(3) D,, is dense in P.
Proof. Let (b, B) € P. Define a:n+1—w by

~ | b(i), if i € dom(b)
“(Z)—{ max { f(i)| f € B} +1

Then (a, B)<(b,B) and (a,A) € D,,. qed(3)
By MA take a {D|f € F'} U{D,, }-generic filter G on P. Let

h:U {a|(a, A) € G}.
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Then h:w— w, since G meets every D,, .

(4)VfeF: f<*h,ie., F is bounded.

Proof. Let f € F. Take (a, A) € GN Dy. Let m =dom(a). Consider n € [m,w). Let (d,
A’) € G such that n € dom(a’). Since all elements of G are compatible we may assume
that (a’, A’) < (a, A). Then

h(n)=a'(n)> f(n).
Hence h >* f. O

So under MA or CH all entries in the CICHON diagram are equal to 2%,

In the COHEN model for 2% =k > N; we have from our previous analysis:

cov(N) =8> non(M) =Ry > cof(M) =2%———> cof(N) =2
b 0
add(N)=RT—= add(M) =Ry cov(M)=2%—> non(N) =2%

We now determine that the values of b and ? are consistent with the diagram:

Theorem 64. Let M be a ground model of ZFC + CH, and let M F k is a regular car-
dinal>Y, . Let M[G] be a generic extension of M by the partial order for adjoining k
COHEN reals using finite conditions. Then, in M[G], b=, and d=2%0.

Proof. We show that the first X; COHEN reals are unbounded. On the other hand no
family <2 can be cofinal in “w since there will always be a COHEN real which is not
dominated. m

11 cov(M) <0

To give an impression of non-trivial proofs of inequalities in Cichon’s diagram we show
that cov(M) <0. Recall that

0 =min {card(F)|F C*w,Vge“wafeF: f<*g},

is the smallest cardinality of a cofinal (or dominating) family in <*.
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It is convenient to introduce the following quantifiers:
I*nep(n) for Ymewdnecw(n>mAp(n)) “there are infinitely many”
V®np(n) for ImewVnew(n>m— ¢(n)) “for all but finitely many”.

The following theorem links the meager ideal to a combinatorial property in “w:
Theorem 65. cov(M) =min {card(F)| F C“wand Vg €“w3a f € FV*°n f(n)+ g(n)}.

The family F' on the RHS can be considered to be “cofinal” for the relation V*n f(n) #
g(n) of being eventually different. Since f <* g implies Y*n f(n) # g(n) the Theorem
implies the desired inequality.

cov(M) = min{card(F)| F C“wand Vg € “w3f € FV°>°n f(n)+ g(n)}
< min{card(F)|F C¥w,Vge“wafeF: f<*g}
=0

Theorem 65 will follow from the following

Lemma 66. For every infinite cardinal k the following are equivalent:
1. R is not the union of less than k-many meager sets;
2. VF € [*w]|<F3g e“wV f € F3*n f(n) = g(n);
3. VF € [*w]<"VG € [[w]*]<"Jge“wVf e FYX € GI*ne X f(n)=g(n).

Note that a) expresses that x < cov(M); b) expresses that x < the RHS in Theorem 65.
This implies the equality in Theorem 65.

Proof. (1) — (2): Assume F' C “w and |F| < k. For f € F let Gy = {g € “w| I®n f(n) =
gn)}. Every Gp=[, ., {9 €“w|In>m f(n)=g(n)} is a Gsset because every {g € “w|

dn >m f(n) = g(n)} is open. Moreover, every Gy is dense in R. Hence R — G is meager
for all feF. So

U ®-Gp+#R.

feF

geR\|J R-Gy)=({Gsl feF}.

feF

Take

Then Vf € F3°n f(n) = g(n), as required.

(2) = (3): Let F' = {fa| @ < A}, A <k, be a family of functions f,: w — w and G = {X,|
a < A} be a family of infinite subsets of w. Let (z%| n € w) be the monotone enumeration
of X,. Let Q= {s:dom(s) — w|dom(s) Cw is finite} the set of all finite partial functions
from w to w; this is a version of Cohen forcing for a single Cohen real. For o, § < A define
a function h, g:w— @Q by

ha,s(n) = fa {24, za, ... 26}
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for all n €w. Since @ is countable, we have by (2)
VF € [“Q]<"3h €“QV f € F3*n f(n) =h(n).
In particular, there exists a function h € “(Q), such that
Va, f < A3*®nhy g(n) =h(n).
Recursively choose a sequence (x,|n € w), such that
z, € dom(h(n)) — {xo, x1, ..., Tn_1}

for all n € w. Let g:w— w be a function, such that for all n <w

g(wn) = h(n)(zn).

To check (3) for ¢ consider a, § < A. There are infinitely many n with h, g(n) = h(n). For
such n the corresponding x,, satisfies

z, € dom(h(n)) =dom(h, s(n)) ={22, z&, ..., 22} C X,
and
fo(@n) = ha p(n)(xn) = h(n)(2n) = g(2n).
Thus 3°n € X, fs(n) = g(n)

(3) = (1): O

Proof:

(1) = (2): Assume F C w® and |F| < k. For f € F let Gy ={g € w*| 3%n f(n) = g(n)}.
Every Gy=(),,c, 19 €w’|3In>m f(n) = g(n)} is a Gs-set because every {g € w*| In >
m f(n) = g(n)} is open. Moreover, every G is dense in (R). Hence (R)—Gy is for all f €
F meager. So (| {Gy| f€eF}#0. Butif ge( {Gy| f € F}, then Vf e F3*n f(n)=g(n).
(2) = (3): Let F={f.] a <A}, A<k, be a family of functions f,:w—w and G={X,|a<
A} be a family of infinite subsets of w. Let (zf| n € w) be the monotone enumeration of
Xa. For a, B8 <\ define a function h, g by

hC‘hB: fﬁ r{xgnxéu 7:1:2}

for all n € w. Let & ={s:dom(s) - w|dom(s) Cw finite}. Since ® is countable, we have
by (2)
VF € [®¥]<"Ih e OV f € F3*°n f(n)=h(n).

In particular, there exists a function h € ®“, such that
Va, B <A3*®n hy p(n) =h(n).
Pick inductively a sequence (z,| n € w), such that
zp€dom(h(n)) —{xo, x1, ..., Tn-1}
for all n € w. Let g:w— w be a function, such that

g(an) = h(n)(zn)
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holds for all n with h, g(n)=h(n). Then g is a witness for (3) because

fa(xn) = ha, s(n)(2n) = h(n)(x,) = g(zn)

for all n with h, g(n)=h(n).

(3) = (1): Let (F,| a <) with A <k be a family of meager sets. We want to show that J
{F.] « < A} # (R). Since every F, is meager, F, = |J {Fi| n € w} where every F} is
nowhere dense. By definition also the topological closure ¢ [(FY) is nowhere dense. So we
can assume w.l.o.g. that (F,| o< \) is a family of closed nowhere dense sets.

For a <\ let

sp=min{s€2<¥|Vte2<"[t"s|NF,=0}

where the minimum is taken with respect to a fixed enumeration of 2<“ and [s] = {f € 2“|
s C f}. Why does this minimum exist? Consider first an arbitrary ¢ € 2<¢“. Then there
exists t C s € 2<%, such that

[s|NF,=0. (x)

Because: [t] is open. Since F, is nowhere dense, [{|ZF,. Pick f € [t] \ F,. But 2 — F, is
open. So there exists a neighbourhood [s] of f such that [s] C2% — F,.
Now we can construct recursively an s € 2<“ such that

Vt € 2<M[t™s] N Fp=10.

To do so, let 2<™ = {tx| k < m}. For ¢y pick an sy as in (*). If s is already defined, con-
sider 5315 and pick for it an s;11 as in (x). Then s, is as wanted.
Back to the s; from above. By (3) there exists a sequence (s,|n € w) such that

Va < A3d%n sj = s,.
For a <A let X, ={ne€w|s;=s,}.
Lemma
There exists an increasing sequence (k| n € w) such that
(1) >o,<h, 185l <knirforallnew
(2) Ya < Ad*nz,N []{72”, ]fgn_;_l[# 0.
Proof: For every finite A C A define fa:w— w by

fa(n)=min{mew|VaecAn,mNX,#0}
and for every k € w let
far0)=Fk and fi(n+1)= fa(far(n))
for all n e w.
By (3) A< 0. So there exists a strictly increasing function f:w— w such that
1. VA€ [A<Vk3®n fi 1(n) < f(n)
2. ngf(n) |3j‘ < f(n_'_ 1)‘
We can find such an f because |{f4 x| A € [A]<¥, k€ w}|=]|A|. So there is by definition of
0 an f which is not dominated by any f4 ;. That is f£" i for all A € [N\|<“, k € w, ie.
3%n fi x(n) < f(n). Once we have found such an f we can recursively ensure 2.
We have

VA€ N3*n3k f(n) <k < fa(k) < f(n+1) (%)
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Otherwise there were A and m such that

Vn>m f(n+1)< fa(f(n)).
So for k= f(m) and all m € w

f(n) < fntm) < fa(f(m)) < fa(fa(f(m))) <...< fax(n)

would hold. But this contradicts the choice of f.

Define X) ={n€w| 3k f(n) <k < fa(k) < f(n+1)}. Then by (x) X is infinite for all A€
[A]<“. Consider X°={2n|n €w} and X' ={2n+1|n €w}. Then (X3 N X" is infinite for
all A € [\]%) or (X4 N X! is infinite for all A € [\]<*). [If otherwise | X’ N X°| < w and
| XBN X' <w, then | XN Xp|=[Xlup| = [Xaus N X+ [Xaup N X! < [X4N X0 +]XpN
X' <w which contradicts (x).|

If | X4N X =w, then set k,= f(n). Otherwise set k,= f(n+1).

O (Lemma)

Lemma

There exists X C w such that | X N [kgy, koni1[| <1 for all n € w and X N X, is infinite for
every a < \.

Proof: For a < X and n € w define

fa(n> = min(Xa N [k2n7 k2n+l[) if Xam [k2n7 ]{;271—1—1[7é (Z)

fa(n) =0 otherwise
and Y, ={n €w| fo(n)#0}. By (3) there exists a g € w* such that
Va < A3I®neYag(n)= faln).

Hence the claim holds for X ={g(n)|ncw}. O
Now we can prove “(3) — (1)”. Let (z,] n € w) be the monotone enumeration of X from
the previous lemma. Set

~ L~

X = 53057, 579- -

We show that = ¢ |J {Fa| @ < A}. Let o < A. It follows from the above construction that
there exists x, € X N [kan, kon41] such that s, =sg . But Zj<n |52, < kon <2, and (by the

definition of (si| n € w)) [Sy... Sz 152, = [Sz0--- Sz,_,5%,) is disjoint from F,. Hence x ¢
F,. U

12 Additivity and cofinality of measure and category

We want to prove the inequalities
add(N') <add(M) and cof(M) < cof(N)

in the CICHON diagram. In this section we shall assume that M and N are ideals on “2
equipped with the standard topology T, standard metric d and standard measure j . First
we introduce the general tool of GALOIS-TUKEY reductions.
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Definition 67. Let (P,<p) and (Q, <g) be weak partial orders (reflexive and transitive)
and let f: P— Q and f*: Q— P be maps satisfying

Vpe PYqe Q(f(p) <eq—p<rf*(q))

Then we say that f, f* is a (GALOIS-)TUKEY reduction of P to @), and we write P <7Q).
This situation can be pictured by

P +— Q@
<p <@
rp L 0

Obuviously, <7 is a (class-sized) weak partial order on weak partial orders. If ideals T are
taken as partial orders (Z,C) then we write T <rJ for (Z,C) <1 (T, Q).

Remark 68. As an intuition one may say that f translates questions p? in P into ques-
tions f(p)? in Q. Then if ¢! is an answer to f(p)? (f(p) <g¢) we have that f*(¢)! is an
answer to the original question p? (p <p f*(¢)). Such schemata arrise in many parts of
mathematics and beyond where problems in one domain are reduced to problems in
another domain. The classic example is the reduction of field-theoretic questions to group-
theoretic question in GALOIS theory.

TUKEY reductions have the following consequence for cardinal characteristics.
Lemma 69. Let 7,7 be ideals with T <rJ. Then add(Z) > add(J) and cof(Z) < cof(J).
Proof. The proofs are straightforward. U

So for our purposes it suffices to show that M <7 AN. The proof will proceed via an
auxiliary weak partial order (C, C*) such that

M =7C < N.
We shall define maps
M EL ¢ &N
- c* -
M ¢ BN
to connect between category-theoretic smallness and measure-theoretic smallness.

Definition 70. Let
S(n
c— {Se([w]<w)w iy Bl <oo}.
n<w

We use n? as a function with a (modest) growth rate when n goes to co. Since we are only
interested in eventual behaviour of sequences, we can for convenience agree that % = 0.
Define a weak partial order C* on C by

S1C* Sy iff Vm <w3ng<w (ng>mAVn<w(n=ng— Si(n) C Sa(n))).
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Lemma 71.
Lemma 72. C <7 N.

Proof. Take a family (G; ; |7, j €w) of p-independent open sets G; ; C“2 such that

1
w(Gij) =

1

=AU U Gur

n<w m>n keS(m)

Define ¢5:C— N by

Since the infinite sumy ‘anQ)l converges,
1., nooo
U U Gnis 3 (sl =50
m>n keS(m m<n<w

So pi(¢p2(5)) =0.

To define ¢3: N'— C consider G € N. Then u(“2\ G)=1. Since measurable sets can
be approximated from within by closed sets, take a closed, and hence compact K¢ C 2
such that KNG =0 and (K% >0. The set

K,:KG\U {NP‘pEFn(w727NO)HU’(KGmNp):0}

has the same measure p(K')= u(K%), is closed and compact and satisfies

VUeT (K'NU+0—pu(K'NU)>0).
So we may assume that

VUET (KNU#D—u(KNU)>0).
Let (U,|n < w) be an enumeration of all basic open sets N, in “2 such that K% N N, # 0.

For n,i € w define
AS i ={j <w|K9NU,NG; ;=0}.
Then for 1 <w
KnU,C () (“2\Giy),

jGAg,i

KCnU, () [) (“2\Giy).

i<w jeAS,

and

Hence by the p-independence of the G; ; and their complements,

0<u(KEnU) <] ] w2\G)=]] II ¢ 1—_

i<w jeAG; i<w jeAG

Taking multiplicative inverses in R observe that

1., 11 1
(1—7;—2) :1+i—2+i—4+...>1+i—2.
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Then

oo>HH1—— HH1+ ,

<w ]eAG <w QGAG

e., the infinite product on the right converges. By standard techniques from analysis,
using e.g. logarithms, this implies that the corresponding infinite sum converges:

DI

<w QGAG <w

Thus S, := (AS,li < w) € C for all n < w. By a previous lemma, we can choose Sg =
©5(G) € C such that

Vn <w: S, C* S = ¢5(G).

Finally we have to show that s, ¢35 are a TUKEY reduction of C to N. So let S € C and
G € N such that ¢o(S) CG, i.e.,
-N U U Gurca

n<w m>n keS(m)

Using the above construction of ¢5(G) we have

KU U Gm

n<w m>n keS(m)

Every set Um>n Ukes(m) G is open, also in the relative topology on the compact set

K% We can apply the BAIRE category theorem in the measure space (K¢, d); K¢ is
closed in 7 and thus (K¢, d) is a complete metric space. If all the (J, . Ukesmy Cmk

were dense open then their intersection in K¢ would be non-empty. Thus we can take
some ng < w such that Um>nO Ukes(m) G, i 1s not dense in K€, Take some basic open set

U; such that U;N K% () and
UNEYN | | Gur=0.

. . m>ng k€S(m)
Consider m >ng. Since

Af L ={k<w|K°NUNGnr=0}
we have
S(m) C Af,, = Si(m).
Furthermore for sufficiently high m <w
S(m) C S;(m) C Sa(m).
Hence
S C*Se=p3(G)

as required. O]
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In the previous proof, the p-independent family (G ; |4, j € w) was the principle tool
for converting situations in C to N and vice versa. The next lemma will provide such a
device for converting between M and C.

Lemma 73. For every nonempty open set U C“2 there is a countable family V of subsets
of U such that

a) every dense open subset of “2 contains a member of V;

b) the intersection of any n? elements of V,, is nonempty.

Proof. Let (U,|n < w) be an enumeration of the closed nonempty open subsets of “2 .

Note that these are compact, and by compactness a union of finitely many neighbour-
hoods N,,.
For ke w let

Ap= {n>k|v1gk(ﬂ Ui#0—=U,n() Uﬁé@)}.
Let iel iel

V={ U Uy, | there is a sequence my, ..., my2_;1 such that mgew,Vi<n?—1:m;, 1€ A, }.

i<n?

Obviously V consists of closed nonempty open subsets of “2 and is at most countable.

a) Let V' be dense open in “2.

(1) Axn{new|U, CV}+0.

Proof. Let I ={I C k|M,c; Ui # 0}. By the density of V' choose, for each I € I, a basic
neighbourhoods N,, € V' -N (\,.; Ui . Then |J,_; Ny, is nonempty, closed and open. By

varying the p; one can arrange that UIE[~ N,,=U, for some n > k. Then n € A; and U, C
V. ged(1)

By (1), one can recursively choose a sequence m, ..., my2_; such that mgy € w, Vi <n? —
Limi1 € Ap, and Upg, Uy, oo, U, © V. Then UKn2 Un, €V and UKn2 Un,CV.

b) Let V, ..., Vaz_1 €V, where for j <n?:
Vi= U U, for some sequence my, ..., mflz_l such that mj € w,Vi+1 < n* mg'+1 € Am{ .
i<n?
We can assume that the V; are permuted in a way that mg is minimal, then m1 is min-
imal, then m3 is minimal, etc. Then for each i + 1 < n?
mi< mﬁ“ /\miﬂ €A, inC Am:j .
By the definition of the sets Ay we have

Ung# 0, Upg N U1 # 0, Uy N Ui N U2 # 0 et

M Vi2 () Us#0.

j<n? j<n?

This implies

Lemma 74. M <1C.
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Proof. Let (U,|n <w) be an enumeration of the closed nonempty open subsets of “2. For
n <w choose a family V,, = (V;|m <w) of subsets of U, as in the previous lemma:
(1) every dense open subset of “2 contains a member of V), , and
(2) the intersection of any n? elements of V), is nonempty.

It suffices to define a TUKEY map ¢1: M — C for a cofinal subset of M. Note that
every meager set is contained in an increasing union of closed nowhere dense sets.

Solet e M, F = Un<w F,, where Fy C F} C ... are closed and nowhere dense. Then
define ¢1(F) = Sp:w— w by

Sp(n)={min{k <w|F,NV=0}}.

Note that the complement of F}, is dense open, and then by (1), the minimum exists and
Sr(n) is a singleton subset of w. Sp(n) € [w]! C [wW]<¥, and so Sk € ([w]<*)*. And Sp €C

since
|SE(n)| 1
E —n2 = E _n2 <0Q0.

n<w n<w

Hence ¢1: M — C is welldefined (on a cofinal subset of M).
Now define ¢7:C — M by
new m>n i€S(m
Note that Drn:=J,,,, Nicsum Vi is open.
(3) D,, is dense.
Proof. Since

3 IS(ﬂ;)

we must have |S(m)| < m? for sufficiently large m < w. Let O C“2 be nonempty and open.
Take some m < w such that m >n, [S(m)| <m? and U,, CO. By the intersection property
of V,,

0# (| Vi"CUnCO.

ieS(m)

So D, = Um>n ﬂies(m) Vi™ intersects O and is thus dense. ged(3)

Then F° is the complement of a countable intersection of dense open sets, hence F* is
meager. So pi:C— M is welldefined.

Finally we have to show that ¢, ¢] are a TUKEY reduction of M to C. So let F' € M
as above and let ¢1(F)=Sr C*S. Take ng<w such that

Vm € [ng,w): Srp(m) CS(m).
For i € Sp(m), F,,,NV{"=0. Consider n >ny. Then

Fol) () virchnl) () vim=0,

m>n 1€5(m) m>n i1€Sp(m)

Jrny U (] vr=o

n<w ne€w m>n i€S(m)
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and so

F=|J F.c2\( U ﬂ Vi =pi(S

n<w new m>n 1€S(m

Theorem 75. M 7N and hence add(N') <add(M) and cof(M) < cof(N).

13 Forcing with sets of positive measure

Definition 76. Let (B,<p,R) be the following forcing:
a) B={ACR|A is closed and has positive measure };
b) A<gB iff A\ BEWN.

To consider closed sets in various models of set theory, define codes for closed sets (as we
defined codes for open sets before).

Definition 77. An F-code is a countable set d of rational open intervals. The interpreta-
tion of d is the closed set

d" =R\ J d.

Let M be a ground model and form (B, <p,R)M. Let G be M-generic on (B,<p,R)M.

Lemma 78. The intersection
X:m {dM(E|d is an F-code and d™ € G}

is a singleton {rg} with r¢c € R. We call r¢ the random real adjoined by G. Moreover the
generic filter can be reconstructed from rg as

G ={d |d is an F-code and rqg € dMIC1},

Proof. (1) The family {d!% |d is an F-code and d™ € G} has the finite intersection
property, intersections of finitely many elements of the family are nonempty.

Proof. Let dy, ..., d,,_1 be F-codes and d}!,...,d¥ , € G. Then there is some F-code d such
that d¥ <gd}?,...,d* . Then d™ \ d)f,...,d™ \ d* , € N'. Since d™ is a set of positive
measure,

AV (@M ) U U (@M \ d21)) 4 0.

Take r € dM \ ((d™ \ d)’) U...U (d™ \ d’})). Then r € d}’ N ...Nd%, . Furthermore, r €
AN nd™ . ged(1)

Every closed set of positive measure has a compact subset of positive measure. By
density some d¥ € G is compact. Then also d™!¢ is compact. Now a family of closed sets
with the finite intersection property which contains a compact set has a nonempty inter-
section.
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To prove that the intersection X is a singleton assume that r, 7’ € X and r < r’. Take
g € Q such that » < ¢ <r’. The set

D={AeB|AC(—o0,r)or AC(r,00)} €M

is dense in B. Let A€ DN G. Without restriction assume that A C (—oo, 7). Let A= dM.
Then d1% C (—oo,r)ME and so

r'e X CdMEC (—o0,r).

This contradicts ¢ <7’.
Hence there is a unique random real determined by G. To show that

G ={dM |d is an F-code and rg € dMI¢1}

consider d¥ € G. Then r¢ € d¥!% and so d is an element of the right hand side.
Conversely assume that r¢ € dM¢. Define a set

D'={eM e B|eis an F-code and (e Cd™veMNdY =)}

(2) D’ is dense in B.
Proof. Let e}l € B.
Case 1. e)!NdM € B. Then take a code e such that eM =e}!Nd™ e D'.
Case 2. ef! N d™ € N. Take an open set O such that e}’ N d™ C O and u(0) < u(ed?).
Then e}’ \ O C e}’ is a closed set of positive measure, and if eM = e}’ \ O then eM € D’
ged(2)

Take eM € D' N G. Assume that eM N d™ = (). By the absoluteness of such properties,
eMIEI N gMIG = (. But re € MG N MG contradiction. Hence e CdM and so dM e G. O

Lemma 79. B has the countable chain condition.
Proof. Standard. O

Lemma 80. B is “w-bounding, i.e., if G is M-generic on B then
Ve M|G], frwu—aw3dhe M, h:w—wVn<w: f(n)< g(n).

Proof. OK ]

14 Iterating random forcing with finite supports

Let B = (B, <p, () be the canonical term for random forcing. Use the Iteration Theorem
23 to define an iterated forcing ((Pa, <o, la)|o < %) from names ((Q3, <4)|8 < &), where
k= Ny. Define both sequences by simultaneous induction.

For the initial case and the successor case assume that o <k and ((Py, <o, lo/)|a’ < @)
and ((Qu, <o)’ < a) are defined satisfying
(1) card(P,) <Ny and P, satisfies the countable chain condition;
(2) 1p, IFCH.
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Then 1p_IFcard{A C 1R|A is closed} =N, . Using the maximality principle choose a P,-

name h, such that 1p IF ha: Ry — {A CR|A is closed} is surjective. hy(€) is a name for
the &-th closed set, from the perspective of P, . We can then choose P,-names Qa . <o
such that
(3) Ll p, (G <0 0) = (B, <.0):
(4) dom(Qa) € {ha(€)[€ <N}

Then
(5) card(Pyy1) < card(P,) - card(dom(Q,)) < ¥, and P, satisfies the countable chain
condition;
(6) 1p,,, IF CH : since card(Pa41) < Ny and P,1; is ccc the number of canonical Phii-
names for reals is

Seard(“(“(Pat))) SR =Ry

using CH and the HAUSDORFF recursion formula.

For the limit case assume that o < is a limit ordinal and that ((Por, <ar; lar)|a’ < @)
and ((Qu, <a/)|@’ < a) are defined so that for o’ <«
(7) card(P,/) <N; and P, satisfies the countable chain condition;
(8) 1p,IFCH.

Case 1: a < k. Since finite support iterations at limit stages are basically unions of the
previous stages,

card(Po) < ) card(Par) < D Ry<R- R =Ry,

a'<a a'<a

P, has the ccc by the corresponding iteration theorem. Concerning CH, the number of
canonical P,-names for reals is

Lcard(“(“(P,))) < RPMo=N, .

This means that the iteration up to P, = Py, can be continued.
Case 2: a=k. Then

card(P Z card(P Z Ny <Ny Ny =N,y.
a<k OC<N2

The number of canonical P,-names for reals is
Lcard(“(“(P,))) <Ny =R,.

Fix a ground model M of ZFC + CH and define the above iteration ((P., <a, lo)|la < &
with =R within M. Let G, be M-generic on P,. We study the model M[G,]. For a
Kk, the set Go={pla|p€ G} is M-generic on P,. Since 1,lFp (Q,, <a,®) =(B,<B,0),

GMGal _ pM(Ga)

«

So Hy = {p(a)™“l|p € G,} is random generic over the model M[G,] . The associated
random real r, =1y, satisfies

To & M[G,).
Lemma 81.
a) Cardinals are absolute between M and M[G,].
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b) M[G,]E20=R,.

Proof. a) is implied by P, having the ccc. Since there are <X’ canonical P,-names for
reals, M|[G,] F 2% < Ny . On the other hand (r,|a < k) € M[G,] is a sequence of pairwise
disjoint reals implies that M[G,]F 2% >R, . O

We now study the distribution of N;’s and Ny’s in the CICHON diagram within the
model M[G,].

Lemma 82. In M[G,], cov(N)=2R,.

Proof. Consider a sequence (N¢|€ < A), A < K of measure zero sets in M |G| . For each
§ < X pick a Gs-code g¢ such that Ng C géw[G“} and géw[G”] is a measure zero set. A Gs-code
is basically a countable set of rational numbers. Pick a Pi-name g € M, g = ng“ of the

form
{(’f’,p)"f’ S Qap € A{,T’}

where each A¢ , is a countable antichain in P, . Take some a < A such that
VE < AVre QVp e A¢ ,:supp(p) Ca.
Let £ <. Then
ge = 4&*
= {reQ|IpeAe (p€GLA(T,p) € ge)}
= {reQ|Fpede.(placGaA(F,p)€ g} € MG

So all the codes ge occur in M[G,]. The real r, is M[G4]-generic on BMIGl  Since r,
avoids every measure zero set in M[G,)]

Ga

To & géw[ I

By the absoluteness of this property,
MI[G,]

raf ge "

This means that
MI[G,]
ra | g¢ cer= U Ne.
E<A E<A

This means that less than s measure zero sets are not sufficient to cover all the reals.
Hence in M[G,], cov(N) =k = 2%, O

To show that cov(M) = 2% we first show that one can extract COHEN reals from
nearly any finite support iteration.

Lemma 83. Let M be a ground model and, within M, let ((Pn, <a, lo)|a < k) be a finite
support iteration of the sequence ((Qg, <p)|B < k) where X is a limit ordinal. Assume that

for a <k there are dg, 55 € dom(QB) such that

1a||—dﬁ€Q5/\65€Q5/\d5L6ﬁ.
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Let G\, be M-generic on P, and let o < k. We know from before that G, ={p | a|p € G.}
is M-generic on P, and H, = {p(a)%|p € G} is M[Gq)-generic on Q. Now for a < &
there is C € G, which is M[G,]-generic on the COHEN forcing Fn(w, 2, Ro).

Proof. Define
C'={ceFn(w,2,R) |Vnedom(c) (c(n) =1 a5et" € Ho )} € M[Gase] € MGyl

a+n

(1) C is a filter on Fn(w, 2,Ny).

(2) C' is M[G,]-generic on Fn(w, 2, R).

Proof. Let D € M[G,] be dense in Fn(w, 2, Ry). Take D € M such that D““= D, and ¢ €
G, such that ¢lF D is dense in Fn(w, 2, R,). Take p € Gy, such that p | a=¢q. Define

D'={p'€P, | Ic€Fn(w,2,R) ((p'|alFéeD)A
Vn € dom(c) (¢(n)=1=p' [ (a+n)lF p'(a+n) <atntatn) A
Vn € dom(c) (¢c(n) =0—=p'[ (a+n)IFp(a+n) Lotndatn) }-
We show that D’ is dense in P, below p. Consider ¢ <.p. Let

N =max{n <w|a+nesupp(q)}.

Choose gy <« ¢ such that

an r(Oé—i‘N) I+ qN(Oé+N)<a+NCia+N or gn [(oz—i—N) I+ qN(Oé+N)J_a+NCia+N
and supp(gy) N (o + N, o + w) = (). Recursively continue to choose qy_;_1 <, qn_; such
that

qn—i—1 [ (@+ (N —i—1)IFgv_i—1(a+ (N —i—1)<as (N—i-1) Gat (N—i—1)
or

gn—i—1 [ (@+ (N —i—=1)IFgy_ici(a+ (N —i—1)) Lot (N—i—1) ot (N=i—1) -
Also arrange that supp(gn—;—1) N (a+ N,a+w)=0. Define d: N +1—2 by

d(”) =1 iff 4o r (Oé =+ n) I qO(Oé + n)<a+n doe—i—n .
Since ¢ | a IF D is dense in Fn(w, 2, Xg), take ¢ € Fn(w, 2, X), ¢ D d and ¢* < go | o such
that
¢lFéeD.

Define p’ € P, by
q*(B), if B<a

QO(5>7 if 56 [a7a+N]
P'(B)=1 datn, if B=a+n,nedom(c)\dom(d), and ¢(n)

batn, if B=a+n,nedom(c)\ dom(d), and ¢(n)
q(B),if B>a+N.

1
0

\

Then p’€ D’, and so D’ is dense below p.
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Now let p’€ D'N G, . Take ¢ € Fn(w, 2, Ny) as in the definition of D’. Then p' [«alF¢ €
D and so ¢c€ D = D. We want to show that ¢ € C: let n € dom(c). We have to show:

c(n)=1dSst"e Hyrn

a+n

Case 1: n € dom(d).

Case 1.1:
c¢n)=1 = d(n)=1
= qo [ (Oé + n) “_ QO(Q + n) <o¢+n da—i—n
= qo(a + n)Ga+7l<§i¢Ln (da+n)Ga+n and qo(a + n)Ga+n c Ha-‘,—n
= (Gagn)®*" € Hoyn
Case 1.2:
¢(n)=0 din)#1

not: do f (Oé + n) I+ QO(Q + n)<o¢+n doe—i—n
gy [ (a+n)lFg(a+n)Lorndasn
QO(Oé + n)Ga+n J—a—i—n (da+n>Ga+n and QO(Oé + n)Ga+n € Ha-i—n

(da—l—n)GaJrn ¢ Ha—l—n

L

Case 2: n ¢ dom(d).
Case 2.1:

cn)=1 = p'la+n)=dosn
= (datn)?+" € Hoyn

Case 2.2:

cn)=1 = p'la+n)=basn
= (basn)*" € Hyyp and aSotn 1L pSoin

a+n a+n
= (d'a+n)Ga+n ¢ Ha+n

Lemma 84. M[G]FE cov(M)=2%.

Proof. Consider a sequence (A¢|{ < A), A < k of meager sets in M[G,] . For each & < A
pick a Gs-code d¢ for a countable intersection of dense open sets such that AN wé‘/[ (Gl —
. As in the proof of Lemma 82 there is ov < A such that all the codes w¢ are elements of

M|G,]. Take a real r € M[G,] which is M[G,]-generic on Fn(w,2,R,). By Lemma 56,

re wéw[G“}

T%UAfv

£<A

for all £ <X. Then
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hence (A¢|£ <) does not cover R. O

Now we show that b = Y, by showing that “w N M is unbounded in “w N M[G,]. We
shall show inductively that “w N M is unbounded in “w N M[G,] for every a < . We shall
obtain this from the following approximation property between models of set theory.

Definition 85. Let M C N be transitive models of set theory. Then M captures N if

Vice“wnNNIge“wnNnMYhe“wn M (h<* f—h<*g).

Lemma 86. If M captures N then every <*-unbounded family H in M is <*-unbounded
mn N.

Proof. Assume that F' is <*-bounded in N by f:w—w, f€ N. Let g€“wN M as in the
previous definition. Then F' is <*-bounded in M. 0]

Lemma 87. Let M C M[H| be a generic extension with a forcing P which is “w-bounding.
Then M captures M[H].

Proof. Let f € “w N N. By the bounding property take g € “w N M such that f <* g.
Then h <* f implies h <* g by the transitivity of <*. O

So the ground model captures the extension if one takes a finite iterate of random
forcing. We show that one can also get across limit stages.

Lemma 88. Let M be a ground model and let ((P,, <a, lo)|a < k) € M be the finite sup-

port iteration of the sequence ((Q,, <o)|la < k) € M where r is a limit ordinal. Assume
that

Va<k:l,lFp, Qa has the countable chain condition.

Let G,, be M-generic on P, and let M[G,] with G, = {p | a|p € Gi} be the sequence of
intermediate models. Assume that M captures M[G,] for a <k .

Then M captures M|G,).

Proof. P, satisfies the countable chain condition. If cof(k) > w then every function
fe“wn M[G,] is an element of M[G,] for some a < k. Since M captures M[G,], there is
a function g € “wN M capturing f.

So we can assume that cof(k) = w. Let (kn|n < w) € “k be cofinal in x . Consider
fe“wn M[G,]. Take a name f € M such that f% = f. Assume without loss of generality
that 1,IF f:w—>w. Let < be a wellorder of P, .

Let n <w. In M[G,,] define a function f,:w— w by setting f,(i) = j iff

Ip € Pu(p | kin € Gu, ADIF f(i) = jAYD € PVE <w((p' < pAD | hin € Gy,) — —p' Ik f(i) =

k)).
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Since M captures M[G,, ] take g, € “wN M such that
Vhe“wnM (h<*fn,—h<"gn).

We can choose g, minimal in some wellorder of “w. The preceding construction implicitely
defines a function g,: w—“wN M, n— g, with a canonical name g, such that 1,IF g,:w—
(“wN M)". Since P, satisfies the countable chain condition, one can find a countable sub-
sets W e M, W C¥% N M such that lpﬂll—g*:wHW.

Take g € “w N M such that V¢’ € W: ¢’ <* g. We show that g captures f.

Consider h € “wN M such that h <* f. Take q € G, and k <w such that

gIFVi<w (1> k—Rh() < F(D)).

Take n < w such that supp(q) C Ky, .

1) h< f.

Proof. Argue in M[G,, ]. Let i € (k,w) and let f,(i) = j. Take p € P, such that p | k, €
G, and plt f(z) = 4. Then ¢ and p are compatible in P, and we take r <, ¢, p. Then

riEh(i) < f(0) == (fa(2)"
Hence h(i) < fu(i). ged(1)

(2) h<*g,, by (1) and since g, “captures” f, .
Since g, € W we have

h<*g,<"g.

Hence g captures f. O
Lemma 89. M[G,|Fb=X;.

Proof. In M, “w N M is trivially <*-unbounded in <*. By the previous lemmas, “w N M
is <*-unbounded in M[G,]. By CHM, M[G,]F card(“wN M) <Ny . O

Concerning the other entries of the CICHON diagram

Th. 62 L. 50 Th. 52
cov(N) — = non(M) —— = cof(M) ————— cof(WN)

L. 50 L. 60

Th. 52

add(N) ——= add(M) — 55~ cov(M) non(/N)

—
Th. 62

we getproved:
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Th. 62 L. 50

Th.52
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cov(N )R> non(M)Ng——= cof(M)Rg———= cof (N )N,

L. 50 L. 60
b,

add(NV) 5

add(M) — 59~ cov(M)R3

0N,

Bernhard gezeigt

—
Th. 62

non (N )R,

The only value in the diagram that is not yet determined by the results of the lecture

is add(M). We work with a GALOIS-TUKEY connection.

Lemma 90. There is a GALOIS-TUKEY reduction
(wwv g*) T (M7 g)

by a connection

*

vy - M
<* C
vy L M

This implies
Lemma 91. add(M) <b.

Proof. Let F C “w with card(F) < add(M). It suffices to see that F is bounded in <*.

By the additivity of M, take F'€ M such that

VieF:p(f)CF.
Then

VieF: f< ot (F),
hence F is <*-bounded.
Proof. (of Lemma 90) For f €“w define f":w—w by

f'(n)=max{f(j)lj<n}+1.
Define ¢:“w— M by
o(f)={rewlz< f}.

This definition is justified by
(1) ¢(f) is nowhere dense (in “w), hence ¢(f) € M.

Proof. Let Ny={g €“w|s C g} be a basic open set in “w, where s € Fn(w,w, Ny). Let s'=
sU{(n, f'(n)+1)} where n¢ dom(s). Then Ny C N; and NyNo(f)=0. ged(1)
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It suffices to define the “inverse” function ¢* on an C-cofinal subset of M. Note that
every meager set is contained in a meager set F' = | J F,, where every F), is closed and
nowhere dense. We may also assume that

RWCHC...

n<w

Now define k, € w and s, € <“w by recursion for n < w. Set ky = 0. Assume that k, is
already defined. Then choose s,, such that
Vt € Sha(k,) Vi< n: Ny, N Fy=10.
Set
kni1="kn+|8n| + max {s,(i):i €dom(s,)} + 1.
Then define *(F) = fp:w—w by
fr(n) =max {s,(i)|i € dom(s,)}.

(2) ¢, ¢* form a GALOIS-TUKEY reduction, i.e.: Assume ¢(f)C F. Then f<* fr.
Proof. Suppose that f £* fp. It suffices to prove ¢(f) € F by constructing = € ¢(f) \ F.
f &£* fp implies that there is an infinite set Z Cw where f(n) > fr(n). Let Z ={zi <w}
where 2z < z; <.... Then define
2=0"0"0".."0"5,,°0"..."0"5,,°0" ..
—_————

20
N J
Ve

k2,
By the choice of s,,, S4,,... we have that
[L’¢ Fo, Fl,
and so
(2.1) x ¢ F.

(2.2) € ol ).
Proof. We have to show that z(n) < f/(n) for all but finitely many n < w. This is clear if

x(n)=0. Otherwise, z(n)=s.,(m) for some i with k,, <n. In the latter case

z(n) < fr(i) < f(1) < f'(n),

since ... ]

15 Proper Forcing

Definition 92. H), = {z | card(TC(z)) < A}. We assume that every Hy has a chosen
wellorder <.

Definition 93. (M, €,<) < (H,, €, <) iff for every ¢ € Fml(€, <) and every @ € Asn(M)
(Mv <, <) F SO[J] Zﬁ (H)\v = <) F SO[C_L)]

We simply write M < Hy, instead of (M,€,<)<(Hy,€,<).
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Definition 94. Let M < Hy and let (P, <) € M be a forcing. Let G be V-generic on P.
Then define

MI[G] = {2 |z € M.

This definition will relate to the notions of a generic condition and properness.

Lemma 95. Let M < Hy and let (P,<) € M be a forcing. Let G be V-generic on P. Then
H,\[G)=H\'" and

Proof. Let z € H)|G]. Let # € Hy and 2% = z. By the definition of the interpretation
function

TC(z) €{y“ |y € TC(2)}
Hence
VIG]Ecard(TC(z)) < card(TC(2)) < A

and x € H;\/[G].
Conversely, let z € H}\/[G].
O

Definition 96. Let M < Hy and let (P, <) € M be a forcing. q € P is (M, P)-generic iff
for every D € M which is dense in P, DN M is predense below q, i.e.,

Vo <q3@p<qgade DN Mg <d.

Lemma 97. g€ P is (M, P)-generic iff for every D € M which is dense in P there is a P-
name p such that

gFpeDNMNG.
Proof. Let g€ P be (M, P)-generic and let D € M be dense in P. Let G be V-generic on
P with ¢ € G. By the definition of being (M, P)-generic the set
{2|Fde DN Mg < d}

is dense below ¢ . By the genericity of G take ¢ € G such that 3d € D N Mg, < d . Take
p€ DN M such that ¢g;<p. Then pe DN M NG. Thus

qlFdppe DN MNG.
By the maximality principle there is a P-name p such that
gFpeDNMNG.

For the converse, assume the RHS of the equivalence. To show that ¢ is (M, P)-generic
consider D € M which is dense in P. Let p be a P-name such that

gFpeDNMNG.
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To show that DN M is predense below ¢ let ¢ <q. ¢ilF p € DNMNG. Take a condition
< q1 and a d € DN M such that

plFp=dAdeq.

Then ¢, and d must be compatible in P. Take g3 < ¢o,d . g3 and d witness the predensity
of DNM. O

Lemma 98. A condition q € Pis (M, P)-generic iff

gl M[G]NOrd=MNOxd.

Proof. Let ¢ € P be (M, P)-generic. Let G be V-generic on P with ¢ € G. Let a €
M[G] N Ord . Take a P-name & € M such that « = @%. We may assume that 1p - a €
Ord. The set

D={dcP|3pcOrddlFa=F}ecM
is dense in P. By assumption, D N M is predense below ¢ € G . So thereisde DNM NG .

H\E3B3€O0rddIFa=45.
Since M < H)

ME3BeOrddlFa=4.

Take 8 € M NOrd such that dIFa= 5. Then a=da%=e M.

Conversely let ¢ € P not be (M, P)-generic. Take a dense set D € M such that D N M
is not predense below ¢ . Let A C D be a maximal antichain with A € M. Define a P-
name for an ordinal by

a={(5,a)|ac A is the §-th element of Hy in the chosen wellorder of Hy} € M.

Since D N M is not predence below ¢ take ¢; < g which is incompatible with every element
of DN M. Let G be V-generic with ¢; < ¢. Let a=a®. This is due to the fact that there
is a € AN G such that a is the a-th element of H, . Assume for a contradiction that o €
MNOrd. Thenae ANMNG CDNMNOG. But then ¢ is compatible with a € D N M,
contradiction. Thus

M|G)NOrd# M N Ord.
U

Definition 99. A forcing (P, <) is proper iff for every A > 24P) and every countable
M < Hy with P € M and every p € PN M there is ¢ < p which is (M, P)-generic.

Lemma 100. (P, <) is proper iff for every A > 24P and every countable M < Hy with
Pe M and every pe PN M there is ¢ < p such that for every V-generic G with ¢ € G

M[G]NOrd=MNOrd.

Theorem 101. Let V|G| be a generic extension by a proper forcing (P,<). Then
a) for every a € ([Ord]*)V(E there is b€ ([Ord]*)Y such that a Cb;
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b) RVIET=nY.

Proof. (a) Let a € ([Ord]*)V! and take f € V, f€ w— a. Take p € G such that pl- f:
w— Ord. Take A € Card sufficiently high with p, P, f € Hy. Since (P, <) is proper the set

D= {qE P | there is a countable M < Hy with p, P, f € M and ¢<pis (M, P)—generic}

is dense in P below p . By the genericity of G take ¢ € D N G and a countable M < H)
such that p, P, f € M and ¢< pis (M, P)-generic. By Lemma 98

M|G)NOrd=MNOrd.

Set b=M NOrd € ([Ord]*)".
(1) a Cb. ‘
Proof. Let x € a . Let * = f%(n). By the maximality principle there is a canonical

name = € Hy such that plkz = f (7). Since M < H, we may assume 2 € M. Then
r=2%€ M[G]NOrd=MNOrd="b
(b) follows immediately from (a). O

Many important forcings are proper:
Lemma 102. If (P, <) is ccc then it is proper.

Proof. Let A\ > 2°d(") Af < H, countable with P € M, and p € PN M. We show that p
itself is an (M, P)-generic condition. Let G' be V-generic for P with p € G. It suffices to
show that M[G] N Ord =M NOrd. Let « € M[G] N Ord. Take & € M such that o = a%
and IFa € Ord. Let

A={BcOrd|Ir<p.riFa=pF}
be a set of possible interpretations of & . We can define a function A — P, § + 73 such
that r5l-da = (. {rg | B € A} is an antichain in P. By the ccc, {rz | 3 € A} is at most
countable and so A is at most countable. A€ M and M E A is countable. So A C M. Thus
acACM.
O

Lemma 103. If (P, <) is countably complete then it is proper.

Proof. Let \ >24(") Af < H, countable with P € M, and p € PN M. Let (z, | n < w)
be an enumeration of M. Define sequences (p, | n <w) C PN M and (o, |n <w) C Ord
such that

PZPo=p1=...

Choose a condition py < p, po € M and ag € Ord such that pgIF zg = d if that is possible;
otherwise let po = p and ap=0. If p, € PN M is defined, choose a condition p,+1 < pp,
Pni1 € M and oy, € Ord such that p,.1 IF 2,11 = a,1 if that is possible; otherwise let
Pn+1 = pn and a,41 = 0. Note that (o, | n <w) C M since every «,, is definable from p,,,
T, €M .
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By the countable completeness of P take g € P such that Vn <wq < p,. We show that
q is an (M, P)-generic condition. Let G be V-generic for P with ¢ € G. It suffices to show
that M[G] N Ord =M N Ord. Let o € M[G] N Ord . Take z,, € M such that a = 25 and
some 7 € G such that r IF z, = a@. By the definition of (p, | » < w) this means that
pnlF 2, =, . Since r, p, € G are compatible

a=a, M.

16 2-step iterations of proper forcing

Lemma 104. Let P be a forcing and FpQ is a forcing. Let M < Hy and PxQ € M. Then
(qo, 41) s (M,P*Q)—genem’c iff qo is (M, P)-generic and

qolF gy is (M[G}, Q)-geneﬂc.
Proof. Let (qo, ;) be (M, P*Q)—generic. We first show that qo is (M, P)-generic. Let G

be V-generic on P such that go € G. It suffices to show that M[G] N Ord =M NOrd. Let
H be V[G]-generic on Q¢ such that ¢¢ € H. One can check that

GxH = {(po, 1) € PxQ | po€ G and pfeH}
is V-generic on PxQ with (qo, ;) € GxH. Since (qo, ¢;) is (M,P*Q)—generic
MNOrdC M[G]NOrd C M[GxH|NOrd= M N Ord.

To show that

qolF ¢y is (M[G}, Q)-generic
it suffices to see that

V[G]E ¢¢ is (M[G], Q)-generic.

Again take any H being V[G]-generic on Q€ such that ¢¢ € H. One has to check that

MI|G][H]NOrd = M[G] N Ord.

M[G)NOrd C M[G][H|NOrd = M[G*H]NOrd =M N Ord C M|G] N Ord.

For the converse assume that qo is (M, P)-generic and

qolF ¢, is (M[G}, Q)—generic.
Let GxH be V-generic on Px(Q such that (qo, ¢1) € GxH. Then G is V-generic on P such
that go€ G and H is V[G]-generic on Q¢ such that ¢ € H . By the assumptions,

M[G]NOrd= M NOrd and M[G][H|]NOrd= M[G] N Ord.
Together
M|G+H|NOrd=M[G][H]|NOrd=M[G]NOrd=M N Ord,
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i.e., (qo, Gy) is (M,P*Q)-generic. O
Lemma 105. If P is proper and IFpQ is proper then Px(Q is proper.

Proof. Let A >24(") and let M < Hy be countable with Px@Q € M. Let (po, p;) € PxQ N
M. By the properness of P take p < py which is (M, P)-generic.

pl-3¢< pyqis (M[Gp], Q)-generic.
Take go<p and ¢, € dom(Q) such that
QlF ¢, < p; amd ¢ is (M[Gp], Q)-generic.

By the previous Lemma, (qo, ¢1) < (po, p1) is (M, P*Q)-generic. O



